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AH Zt 2X|(Boundary value problem in ODE)
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AA Zt =X|(Boundary value problem in ODE)
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AA Zt =X|(Boundary value problem in ODE)
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Dirichlet Z=Z71: y(0) = g4

Neumann Z=Z: -y’ (0)
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y(0) = g1 (Dirichlet condition),
y(1) = go (Dirichlet condition).
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Dirichlet Z=Z1: y(0) = g1
Neumann Z=71: —y’(0) = g1
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(*] Laplace’s equation Au = ZP:1 ux;x; = 0.

@ Helmholtz's equation —Au = Au.
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(*] Laplace’s equation Au = ZP:1 ux;x; = 0.

@ Helmholtz's equation —Au = Au.

@ Linear transport equation u; + 27:1 biuxi =0.

v 1y
wr @
§ ﬁ
%'4

Mamonn

7/49



Laplace’s equation Au = ZP:1 ux;x; = 0.
Helmholtz's equation —Au = Au.

Linear transport equation u; + 27:1 biuxi =0.
Liouville's equation u = 377, (biu)xi =0.
Heat equation uy — Au=0.

Schrédinger equation iuy + Au =0
Kolmogorov’s equation .

ut = ij:1 a”Uxixi + 21"21 b’Uxi =0.
Fokker-Planck equation )

ur - ij:1 (a”u)xl.xi =21, (blu)y =0.
Wave equation uy — Au =0

Klein-Gordon equation g — Au+ m?u = 0.

Telegraph equation uyt + 2dut — uxx = 0.

General wave equation u — 2?].11 Uxix; + pY» b’uxl. =0

Airy’s equation u; + uxxx = 0.

Beam equation ugt + Uxxxx = 0.
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Laplace’s equation Au = Z;’:1 ux;x; = 0.
Helmholtz's equation —Au = Au.

Linear transport equation u; + 27:1 biuxi =0.
Liouville's equation u = 377, (biu)xi =0.
Heat equation uy — Au=0.

Schrédinger equation iuy + Au =0
Kolmogorov’s equation .

ut — ij:1 a”Uxix}' + 21"21 b’Uxi =0.
Fokker-Planck equation )

ur - ij:1 (a”u)xl.xi =21, (blu)y =0.
Wave equation uy — Au =0

Klein-Gordon equation g — Au+ m?u = 0.
Telegraph equation uy + 2dut — uxx = 0.
General wave equation us — ijﬂ Uxix; + P biUx,' =0
Airy’s equation ut + uxxx = 0.

Beam equation ugt + Uxxxx = 0.

Eikonal equation |Du| = 1.
Nonlinear Poisson equation —Au = f(u).

p-Laplacian equation div(|DulP~2Du) = 0
ini i A Du =
Minimal surface equation le( (D)2l ) =0.

Monge-Ampeére equation det(D?u) = f.

Hamilton-Jacobi equation u; + H(Du, x) = 0.

Scalar conservation law u; + divF(u) = 0.

Inviscid Burgers’ equation u; + uuy = 0.

Scalar reaction-diffusion equation us — Au = f(u).
Porous medium equation ut — A(u?) = 0.

Nonlinear wave equation ug — Au + f(u) = 0.
Korteweg-deVries (KdV) equation u; + uuxx + uxxx = 0.

Nonlinear Schrédinger equation iuy 4+ Au = f(Jul?).



Laplace’s equation Au = Z;’:1 ux;x; = 0.

o
@ Helmholtz's equation —Au = Au. @ Eikonal equation |Du| = 1.
@ Linear transport equation u; + D biuxi =0. @ Nonlinear Poisson equation —Au = f(u).
@ Liouville’s equation u; — ;’:1 (biu)xi =0. o p-Laplacian equation div(|Du|F"2 Du) =0
@ Heat equation uy — Au=0. @ Minimal surface equation div(wmbw) =0.
(*] Schrédinger equation iuy + Au =0
@ Monge-Ampere equation det(D2u) = f.

(*] Kolmogorov’s equation )

u = Z,(’j,1 a”Uxixj + 3L, blux; =0. @ Hamilton-Jacobi equation uy + H(Du, x) = 0.
@ Fokker-Planck equation @ Scalar conservation law ut + divF(u) = 0.

ur - z:I(jj:1 (aiju)xixi -IL, (bi“)xi =0. @ Inviscid Burgers' equation u; + uuy = 0.
@ Wave equation u — Au=0 @ scalar reaction-diffusion equation u — Au = f(u).
@ Kiein-Gordon equation uy — Au+ m?u = 0. @ Porous medium equation u; — A(u”) = 0.
@ Telegraph equation uy + 2du; — txx = 0. @ Nonlinear wave equation uy — Au+ f(u) = 0.
@ General wave equation uy — Sy g + 2 biuy, =0 @ Korteweg-deVries (KdV) equation ug + Uixy + Uxxx = 0.
@ Airy's equation Ut + Uxxx = O. @ Nonlinear Schrédinger equation iuy + Au = f(Jul?).
@ Beam equation uy + Uxxxx = 0.

‘Partial Differential Equations’, Evans £ £ E{
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equation)

v 1y
@

%
“h

8/49



OfA
0)
o
rl:l
=
HI
0L

2l
1>

62 2 - . . .
. (W 4+ 6"7’21) u=0:2t=2tA gr™ Al (Laplace equation, Elliptic
equation)
PP
Lt tie=A

2
oxp

v 1y
@

%
“h

8/49



. (% et %) u=0:2t=2tA gr™ Al (Laplace equation, Elliptic
1 n

equation)
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. ai[u - Au=0: ¥ 2™ Al (Heat equation, Parabolic equation)
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( s+t g )u = 0: 2=zt 2™ Al (Laplace equation, Elliptic
equatlon)
2 + -+ ax,, =A

. a%u - Au=0: ¥ 2™ Al (Heat equation, Parabolic equation)
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e Lu—Au=0: uts 2™ Al (Wave equation, Hyperbolic equation)
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u=g onadQ
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Au=f inQ
(*)
u=g onadQ
eu:Q(cR") >R

o A\ = (j—; +e a%) 2tE2tA A 4LHKHoperator)
1 n

o Q: nA}212| F0{Zl =0 9l(connected, open, (bounded) )
Ne= =0 2l2| A A|(boundary).
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X7 ox;

e O: nXHA 2| =0{ &l =0 2l (connected, open, (bounded) )
0N= =0 212| AX|(boundary).
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A2t =N E Eti=

S

° SIS FHMOZ = iy
y’ = yol| CHSt0] 22 y = ceX

o Sl E E&5t= HH (convolution)
Fourier & Laplace H,j%h single & double layer potential, 7| &3l

(Fundamental solution) & Z12I &t<=(Green’s function)




A2 X E Eche A

o SHE N XM= Ft=t
y' = yOll Ci5t0] 22 y = ceX

o S| E E5i5H= EH(convolution)
Fourier & Laplace 212}, single & double layer potential, 7| =35}
(Fundamental solution) & Z12I &t<=(Green’s function)

o 37t EXfot= SUE A=A
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A2 X E Eche A

° B PHNOR S
y' = yOll Ci5t0] 22 y = ceX

o S| E E5i5H= EH(convolution)

Fourier & Laplace 212}, single & double layer potential, 7| =35}

(Fundamental solution) & Z12I &t<=(Green’s function)
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AU 2ME Ecte A

° 38 TAH o= S u
y’ = yOll Cisto] 22 y = ceX

o ol & E&5H= E (convolution)
Fourier & Laplace &}, single & double layer potential, 7| &5}
(Fundamental solution) & Z12I &t<=(Green’s function)

o SH7t EXfSt= S = A
ue C?* WP,

o BE DAL= WY
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AU =M E E= A

° SHE FHMAH2E = UH
y’ = yol| CHSt0] 22 y = ceX
o ol & E&5H= E (convolution)
Fourier & Laplace &}, single & double layer potential, 7| &5}
(Fundamental solution) & Z12I &t<=(Green’s function)
o oli7} EX{St= U2 A=A
ue C?* WP,
S 2 U
XAl M2, o 24 3l & (power series method), 11 S &H4

[ e N —

(eigen function expansion)

D
m
ral
IC:

10/49



AU 2ME Ecte A

° SHE FHMAH2E = UH
y’ = yol| CHSt0] 22 y = ceX

o ol & E&5H= E (convolution)
Fourier & Laplace &}, single & double layer potential, 7| &5}
(Fundamental solution) & Z12I &t<=(Green’s function)

o SH7t EXfSt= S = A
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A =N E EH= A

° 38 TAH o= S u
y’ = yOll Cisto] 22 y = ceX

o ol E HE &5t B (convolution)
Fourier & Laplace &}, single & double layer potential, 7| &5}
(Fundamental solution) & Z12I &t<=(Green’s function)

o SH7t EXfSt= S = A
ue C?e WaP,

o ol E ZAISH= Y
=X ™ol HZ, M= 6l (power series method), 117 &F
(eigen function expansion)
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gl u: Q>R 7t Au=0 & 2H&551EH Z2tafs(harmonic) 2k11 BHC.
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Z|CHX| K2 (Maximum principle)



Z|CHX| K2 (Maximum principle)

ofi

S 2 Z=o{Al =021 Q oA ue C2(Q) N C(Q) ol
Au>02}stH

b=~ u Of| CHSHOA,

I

SUp U = sup u.
Q a0




Z|CHX| K2 (Maximum principle)

MP
FAZ FHAZ =02 Q | u e C3(Q) N C(Q) 2l &= u ofl ti5tod,
Au>02}stH

I
|
I

SUp U = sup u.
Q a0

ity oz =0l gt u Off CHE maxqu = FL/EX| Y& T =
UL Lt supyg u = maxsq uS EHSEICE




Z|CHX| K2 (Maximum principle)

I

M
SAZ FoZ =02l QoM ue C3(Q) N C(Q) 2 &% uof CH5Hoe,
Au >0 2} 5FH

SUp U = Sup U.
Q Plo)

Hols|x| g2 ==

rr

|HHE O 2 01250 B}=> u Off CHEH maxq u

—_ 1 —

UOLf supyq U= maxgq u=S IHS BHCF

1]
K

supu > supu
Q a0
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Z|CHX| K2 (Maximum principle)



Z|CHX| K2 (Maximum principle)

QAR Fo{Z E0Q QoM ue C?(Q) N C(Q) QI &= uofl CHSOA,
Au>02}5tH

Sup u = sup u.
Q o0




Z|CHX| K2 (Maximum principle)

i

P
SAZ Fo{Z =02l Q oflM ue C3(Q) N C(Q) 21 4 uof th5tod,
Au>02}5tH

Sup u = sup u.
Q o0
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Z|CHX| K2 (Maximum principle)

i

P
SAZ Fo{Z =02l Q oflM ue C3(Q) N C(Q) 21 4 uof th5tod,
Au>02}5tH

Sup u = sup u.
Q o0

|
I+

o
Pq U > SUpyg U & SHASIE 2 supq U > supyq u 2t 75D &S
0|H =C|.
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Z|CHX| K2 (Maximum principle)

P
QAR Fo{Z E0Q QoM ue C?(Q) N C(Q) QI &= uofl CHSOA,
Au >0 2} 5t

i

Sup u = sup u.
Q o0

(=)

U > SUpyq U 2 ESIE 2 supq U > supyq U 2t 7HESHD 28
Ho[H ECh & x € Q oM Z[CHX[E ZH2ICt ] 7FESEAL
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Z|CHX| K2 (Maximum principle)

SAZ Fox =02 QoM ue C3(Q)n C(Q) QI &= uof CHSod,
Au>02}5tH
Sup U = sup u.

Q Plol
o o
SUPQ U > SUpgo U 2 EASIE 2 supg U > supyq U 2t 7H™SHD 282

Ho|™ ECt & xo € Q A ZCHX|E 7Tt 7HESEHAL.
2
M Au> 002t 5tE 2000 <0, = 1,2, ...
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Z|CHX| K2 (Maximum principle)

QAR Fo{Z E0Q QoM ue C?(Q) N C(Q) QI &= uofl CHSOA,
Au >0 2} 5t

Sup u = sup u.
Q o0

o
o
P U > SUpyg U 2 EHSHE 2 supg U > supyq u 2 7H-5tD 28
20| ECh F x € Q0| M Z[CHX| & ZHRICH D 7S SHAL
2
B& Au>0 0|2t ot 2200 < 0, i=1,2,..n. I2bA Au(xo) < 0
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Z|CHX| K2 (Maximum principle)

P

QAR Fo{Z E0Q QoM ue C?(Q) N C(Q) QI &= uofl CHSOA,
Au >0 2} 5t

i

Sup u = sup u.
Q o0

=

Po U > SUpgg U 2 SATIE 2 supq u > supyg u 2t 7HESHD 22
20| ECh F x € Q0| M Z[CHX| & ZHRICH D 7S SHAL

M Au> 00l 5ot £200) <o i = 1,2, .n. mEtM Au(x) <0
OlEIE 02 :
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Au>0 0l AR U(x) = u(x) + elx? 2t 5HH AU, > 0.
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Z|CHX| K2 (Maximum principle)

P

i

QAR Fo{Z E0Q QoM ue C?(Q) N C(Q) QI &= uofl CHSOA,
Au >0 2} 5t

Sup u = sup u.
Q o0

=)

o

Pq U > SUpyg U & SHASIE 2 supq U > supyq u 2t 75D &S
H0|HM EICh & x € Q0| M Z[CHX|E Z+RICHT 7H SHAL

M Au> 00l 5ot £200) <o i = 1,2, .n. mEtM Au(x) <0

Ie

A
0|BE 2 2.

Au>0 0l AR U(x) = u(x) + elx? 2t 5HH AU, > 0.
sup U, = sup Ue
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SAZ TR E02 Q oflM u e C3(Q) N C(Q)
Au <0 2} 5HH infq u = infyq u.

o| st
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= u Of Ch5Hod,




SAZ TR E02 Q oflM u e C3(Q) N C(Q)
Au <0 2} 5HH infq u = infyq u.

o| st
— =/

= u Of Ch5Hod,




SAZ FoT =02 QoM ue C3(Q)n C(Q) QI &% uof CHSHod,
Au <0 2} 5HH infq u = infyq u.

MP & —uof Mg

RAZ 02l Z0f 2 Q off M u e C3(Q) N C(Q) oI &=~ u off {5109,
Au=0 (uZ} =3}gt+) 2F 5FH  supq u = supyq U, infq u = infaq u.
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i

SAZ FoT =02 QoM ue C3(Q)n C(Q) QI &% uof CHSHod,
Au <0 2} 5HH infq u = infyq u.

MP & —uof Mg

o
0
O

RAZ 02l Z0f 2 Q off M u e C3(Q) N C(Q) oI &=~ u off {5109,
Au=0 (uZ} =3}gt+) 2F 5FH  supq u = supyq U, infq u = infaq u.

Chs ZAlgt £X2] 22 (EAEHEH) 7 250,
Au=f inQ, u=g ondQ




H| 1 ®l2| (Comparison principle)



H| i & 2| (Comparison principle)

SAZ Fo{Zl =02 QoM u,v e C3(Q) N C(Q) 2l & u,v o
CHSH0], QO Au< Av Ol QM u>vEFSHH u> v 7+ Q 0f| A

dE et




H| i & 2| (Comparison principle)

SAZ Fo{Zl =02 QoM u,v e C3(Q) N C(Q) 2l & u,v o
CHSH0], QO Au< Av Ol QM u>vEFSHH u> v 7+ Q 0f| A

dE et

mP2u-vd HEstH A(u-v)<0inQ, u—-v >0o0no.




H| i & 2| (Comparison principle)

SAZ Fo{Zl =02 QoM u,v e C3(Q) N C(Q) 2l & u,v o
CHSH0], QO Au< Av Ol QM u>vEFSHH u> v 7+ Q 0f| A

dE et

mP2u-vd HEstH A(u-v)<0inQ, u—-v >0o0no.
infou—v =infgou—v >0. |
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2{chx| 2lols YHASH| T M5t TS Al
Srech,

=0

|21 [-3. 5] x [-5. 3]0l A u(x,t) = costcosx = %u Au=0
Ot=3

=
StLt ZAAI0A 0 Zt2 ZHRICE.
UXILIM u(x) =sinx = v’ +u=0E QtEA|7|L} Z|CHE| 2|2
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Hopf Lemma (1927)




Hopf Lemma (1927)

FO{ &l =0f21 Q 0| A Au >0 02} 511, ZALl2| & xo Off A
(i) u = xo 0| A{ 2£0[11,

(i) u(xo) > u(x), x € Q

(i) xo Off Z{5H= =00 OFofl & 0{QU= T (B,)7F EAYBICH.

o] X MO Ol=g A f u(xo)—u(x)
Fl =AE BHEESHH Iminf, L s tixxol ™~ el > 0




Hopf Lemma (1927)

ge|

FO{ &l =0f21 Q 0| A Au >0 02} 511, ZALl2| & xo Off A
(i) u = xo 0| A{ 2£0[11,

(i) u(xo) > u(x), x € Q

(i) xo Off Z{5H= =00 OFofl & 0{QU= T (B,)7F EAYBICH.

ol x Ao Ol=&l0q [im i u(xo)—u(x)
‘r'/ _l_aIE ‘_I'—, olL‘_:I ||m Ian—)X(),r—|X|>%|X—X0| |X—X0| > O.

&7

— L= o o —

r—Ixl > 3Ix - xo| 2 =EFHIA Et5ko] HAS LIEFACE,

| \
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Hopf Lemma (1927)

ge|

FO{ &l =0f21 Q 0| A Au >0 02} 511, ZALl2| & xo Off A
(i) u = xo 0| A{ 20/ 11,

(i) u(xo) > u(x), x € Q

(i) xo Off Z{5H= =00 OFofl & 0{QU= T (B,)7F EAYBICH.
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e - =
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Proof.

xo Ol Hot= & Letd S 94X| 21, Bo(r) O[2F 5t1

v(x) := G(IXI% - r”1_—2)' Av(x) =0, x € By \ B2, v(x) = 0, x € 8B,. O}F
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Hopf Lemma (1927)

|

M|

=0{&l =021 Q Of| M Au >0 0|2} &f, ZAL2] & xq 0| M
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u(xo)-u(x
?l =dS BFForH iminf, Ix|> % 1x—xol (IS() X0|( }>o0.

| \

Proof.
X Ol Hdt= #E detd S 9dX| 841, Bo(r) 0|2t 5t2
v(x) == (= — ) AV(X) =0, xeB,\Br/g, v(x) =0, x € B,. O}

XI'O € 0'” EHOl'O:I U(XO) U(X) 2 E(|X|n—2 - rn_—Z)' |X| - é
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|ICHX| 2| (Strong Maximum principle)
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Z|CHZHS FFAICED B+ u = ABtao[Ch.
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igy 2191 Q 0fl4f Au —1 2} 81, xo € 2 011 R i— dist(x0,09) 2
SHH  Juy (Xo)| < 4§ SUPsBA(x,) Ul + 5 SUPBL () Ifl. T=1.2,....n




Z0{Zl 949 Q 0f|A Au = f 2} 5}AF. xp € Q 0] 11 R :— dist(xo,09) 2}
SHEH  |u(Xo)l < B SUPsBa(xp) Ul + & SUPBa(xy) Ifl. i=1.2,....n

| A

Proof.
Xo = 0 2f St10, m = supyg, lul, M = supg, |f| O|2} St10
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Xo = 0 2f St10, m = supyg, lul, M = supg, |f| O|2} St10
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Proof.
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Proof.
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SHEH  |u(Xo)l < B SUPsBa(xp) Ul + & SUPBa(xy) Ifl. i=1.2,....n
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Proof

Xo = 0 2t 3}10, m = supyg, lul, M = supg, If| 0|2} 5t11

v(x) = HIxP+ xi (R - xi) (22 + ¥) 2t 5,

Av = —M,

v(x) >0, xy =0, x = (X1, X2, ...Xn),

v(x)=m, x| =R, xy > 0.

U(x) := 3 (u(x1, ...Xn) — U(=X4, X2, ...xn)) Ol CHS}OT,

[Au(x)| <M, u(0,xz,..x,) =0, [u(x)|<m,|x|=

Bt :={Ix| < R,x; > 0} Of| M H|ZYIE|E HE5HH [u(x)| < v(x).

: u(x1,0....,0
|t, (0)] = limy, 0.x,50 %|

| A

< limy, 50,x>0 X1

v(x1,0,...,0) R
Y 0.-0) _ iy Ry,
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Liouville 2| M|
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orel y:R" - R O] Z3tst=~0|0{ A2} 1 StAL J2{H u =
=

| A

Proof.
Qo Mz|of &|aH, Vxo € R,

n .
|ux (Xo)I < FSuplul, i=12,..n.
Rn
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Proof.
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Removable singularity
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for u e W2P(C??), p € (1,0). 07| M aj= O v € (0,1] 7+ EX|5+04,
VP < aj(x)&ig < v IR, (V)

¥x e Q,¥Ee R
Ot a; =6; O|H L 2 A 7} EICF



Clo|t & A (divergence) SHEH 2| Ef RS



ur
ol
-
Ll

=X
o

CtO| B & A (divergence)

0= f divVug
Q

20/49



CtO| B & A (divergence)



Cto |t A A (divergence) SHEH 2| EFRIS] O1ALK}



Clo|B{ & A (divergence) SEH S| EFRIE O1AIX

]

V test function ¢ € C°(Q).



Cto |t A A (divergence) SHEH 2| EFRIS] O1ALK}

V test function ¢ € C°(Q).
ot

fﬂ > aj(x)Dju(x)Dig(x)dx = 0 (D)
i



ClO|E{ ™A

(divergence) HEH 2| EIR S 1 ALK}



ClO|E{ ™A

(divergence) HEH 2| EIR S 1 ALK}
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Au=0 in By; 0
o I ' u=~0
{U:O on 0B;.
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BAX| =X 2| of

Au=0 in By;
off I: 1 )
u=0 ondB;.

B &gt 00 30|0q, Sl = ZEHX| R2[0l 2|5 7L SICf.
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ol :du=0 ondB, M\u=0
u(0) = 1. =1



BAX| =X 2| of

Au=20 inBy\{0};
ol l:3u=0 ondBy,
u(0) = 1.




BAX| =X 2| of

Au=0 in By \{0};

o I:{u=0 onéBy, Mu=0
u(0) = 1. =1
;2_1
EhH|lm@zlol 2l5i 0 < u<v:= 25— in By \ B. 0| MEBtCt.
n-=2"

€



BAX| =X 2| of

Au=0 in By \ {0};

o I:{u=0 onéBy, u=0
u(0) = 1. =1
;2_1
EhH|lm@zlol 2l5i 0 < u<v:= 25— in By \ B. 0| MEBtCt.
n-2"
olo

010]2] xg € By \ {0}, 0 < u(Xp) < v(Xo) » 0ase— 0F.



BAX| =X 2| of

Au=0 in B\ {0};
o I:{u=0 onéBy,
u(0) = 1.

ezl s 0<u<v = |nB1\B o] Malstict.
e”‘2
(o]

9|e |Xo€B1\{0},0SU(Xo)SV(Xo)—>OaSE—>0+.
[LI2fM u=0in By.



BAX| =X 2| of

o Il

=HClpmi

Au=0 in By \{0};

u=0 ondBy,
u(0) = 1.

el el o<u<vi=
e”‘2

InB1\B o| M

212]|2] xp € By \ {0}, 0 < u(xp) < v(x )—>OaSe—>0+.
t2tA u=0in By.
Z2EXNoZ 2|9 AAIX|] X2 o = EXfSHK| =L

LS —

2i5ict.

—



52| (ND) (D. Gilbarg & J. Serrin)



52| (ND) (D. Gilbarg & J. Serrin)

u=1-|x% ac(0,1),



Hizd| (ND) (D. Gilbarg & J. Serrin)

u=1 _lxla’!ae(091),

XiXj  (n=1)n
ajj = voojj + (C — vo)#, C:= 34—



Hizd| (ND) (D. Gilbarg & J. Serrin)

u=1-|x% ac(0,1),

XiXj n—1)v
aj = vodj + (¢ — vo) 4, ¢ = L2

Diu = —axilx|*2, Dju = —afé,-jlxlo“2 —ala - 2)x,-xj|x|"‘4



Hizd| (ND) (D. Gilbarg & J. Serrin)

u=1-x1 ae(0,1),
iXj -1
ajj = voojj + (c— VO)%, c .= —(n1_£);/0.

Diu = —axilx|*2, Dju = —a/é,-jlxl"‘2 —ala - 2)x,-xj|x|"‘4

ajDju = —alx|*? (voé,-,- +(c- )IX lz)(é,, + (- )%)
—a|x|* 2 (von + vo(a - 2) + (¢ — o) + (¢ — o) (e = 2))
—a|x|%2 (von + (¢ = vo) + c(a - 2))

= —ax"2(vo(n=1)+c(e-1))=0.



BAX ZMAHME 22



AAX 2XAHIMe 22o| ==, 2tit

o o[ FAX| ZX0|M2| =B d=2 5l =Y
& 0| UL
A

wASHALE 2150 252 TR Y| O 0t



o 0|23t AAIX| ZXOM 2| 22| el = HO[E LE 4] ETHOfLE
A AN 9| 7|5tetA ol J =l = o[ Eetrt

v 1y
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Example |
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Example |

u(x1,x2) = x2 iIn Q = R2 = {(xq, X2) | x2 > 0}

t u

u(x) = d(x), where d(x) = dist(x, 922).
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u(x) = x1x2in Q := {(x1, x2) | X1, X2 > 0}
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Example |

u(x) = x1x2in Q := {(x1, x2) | X1, X2 > 0}

X2 t (X1 = X2)

X1




Example |

u(x) = x1x2in Q := {(x1, x2) | X1, X2 > 0}

X2 t (X1 = X2)

X1 L

u(x) = d?(x) as x — 0 along line t.




=/t x| &e| (D) 2 (ND)):




Z|Eh x| 22| (D) 2+ (ND)):

o Z|CHX| Rl2|: 2t Lu>0in Q O|H

Sup U = sup u.
Q Plel



Z|Eh x| 22| (D) 2+ (ND)):

o Z|CHX| Rl2|: 2t Lu>0in Q O|H

Sup U = sup u.
Q Plel

eH|W RZ: 0t lu<LlvinQ,u>vondQOo|H u>vinQ.



0]
~

4
El
[\l
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(@)
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(A)-domain



(A)-domain



(A)-domain

Definition

e Zojol0 8
> 0 0f| CH5}0q

(A)-domain O|2}

(o




(A)-domain

Definition

b= =021 Q E (A)-domain 0|2t

> 0 0f| CH5}0d

1B:(y) \ QI > 6o|Bl.

StC}:

—




2|2 X (Lipschitz) £ 212 (A) =0 @lo|Ct.




2|2l X (Lipschitz) =H{|2I2 (A) =0| 10|}
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(A)-domain




(A)-domain

non (A)—domain




(A)-domain




(A)-domain




(A)-domain




(A)-domain










(A) =021 2of of



(A) =021 2of of



(A) =021 2of of



A2 2A)!



7=|7:||7I- _l?_x|

Lu=f inQ,

(DP) {u =0 ond



7=|7:||7I- =] |

lu=f inQ,
(DP) u n
u=0 onodQ.
Lu = Z Dji(a;Dju) +Z[D, ciu) + biDiu] + cou. (D)
ij=
Ee
Lu:= Z a,,D,,u+Zb,D,u+cou (ND)

ij= i=1



7=|7:||7I- =] |

lu=f inQ,
(DP) u n
u=0 onodQ.
Lu = Z Dji(a;Dju) +Z[D, ciu) + biDiu] + cou. (D)
ij=
Ee
Lu:= Z a,,D,,u+Zb,D,u+cou (ND)

ij= i=1

[aj] = [aj(x)] = K& El (uniform elliptic) Z=H & D+EBICE.

e (0,1], Vgl < aj(x)&g,  supla(x)l < v ,(U,)
ij
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2o EXf-Fo| et Z0 (H =

—

L o] Clo|B{ AL} =Clo|H{H A 19| Ef2E] (uniformly elliptic (D) EE =
(ND) &Ef2|) AAAFAIO| 1O, L1 <0 & BFFAIZ[1, Q = RA 2l n-XF22/
(A) =0f2l0]2} SIAF.




2| EAH ol 23

23 (@ =

—

L o] Clo|B{ AL} =Clo|H{H A 19| Ef2E] (uniformly elliptic (D) EE =
(ND) &Ef2|) AAAFAIO| 1O, L1 <0 & BFFAIZ[1, Q = RA 2l n-XF22/
(A) =of|elo|2} fAF. EEBHK > 0, and B € (0,531) 0ff CH3Y

bil, Icil < Kd™',  co e Lin(Q), supd®Pifl < o, d =: dist(x,dQ),
Q

B1 = B1(n,v,00, K) = —log, Bo Bo = Growth Lemma & BIZ5l=
&t0|Ct




2| EAH ol 23

& (A =

—

L o] Clo|B{ AL} =Clo|H{H A 19| Ef2E] (uniformly elliptic (D) EE =
(ND) &Ef2|) AAAFAIO| 1O, L1 <0 & BFFAIZ[1, Q = RA 2l n-XF22/
(A) =of|elo|2} fAF. EEBHK > 0, and B € (0,531) 0ff CH3Y

bil, Icil < Kd™',  co e Lin(Q), supd®Pifl < o, d =: dist(x,dQ),
Q

B1 = B1(n,v,60,K) = —logy Bo fo = Growth Lemma & BtZ55f=
~aadi=g
=Clo[HM ALl B R a; 7F BMO =S BHS5ICHD

LXE.

Ol




2o EXf-Fo| et Z0 (H =

=

L O] C}O|H{ AL} =ClOo[B{ H A
(ND) &Ef{2f) odALXfO[ O, L1 <0 S BF

S OIEAI7|1, Q & 20! n-XF2f

(A) =0f|2lo[2} fA}. EEEHK > 0, and B € (0,51) 0ff CH3H

bil, Icil < Kd™',  co e Lin(Q), supd®Pifl < o, d =: dist(x,dQ),
Q

B1 = pB1(n,v,00, K) = —log, Bo Bo = Growth Lemma E BIF5f=
&fo|ct.

=Clo|B{FAC| Z2 a; 7F BMO =HS
J2{H, R2|e| A X ZA (DP)2| 7Y

=

ro

FEBICED SEAL.
Fa(ue W(Q))7F EXHEHL

[oh

&/ 9| EF2IE (uniformly elliptic (D) EE &=










Growth lemma for (D) and (ND):

Lemma (Growth Lemma)

Letxg e R™", r>0,

IBr\ Q2 >0|B/, 6>0, (1)
where B, := B,(Xp). Then for any function u € W(Q), satisfying
u>0,Lu>0inQ,andu =0 on (dQ) N By,

supu < Bo-supu = Bp-supu, (2)
B

r B4r BB4,

Bo = Bo (n,v,0) € (0,1).

In case (D), the lemma is known by Landis, Kondrat’ev.
In case (ND), by Safonov.

For the parabolic case, it is done by Ferretti & Safonov, Landis. "



In the non-divergence case, we impose the BMO condition (or small mean
oscillation condition) on aj;, where y € (0, 1) is a fixed constant.

71 (y)

There is a constant Ry € (0, 1] such that, for any xo € R" and ball
B := B.(xo) withr < Ry, i,j =1, ...,

fla,,(x) J(a,, y)dyldx <, (3)

where J( f(y) dy is the average of f over B.
B

A 2| (Our Solution Space W(Q))
(i) In the divergence case (D), W(Q) := W'2(Q) n C(Q).

loc

(ii) In the non-divergence case (ND), W(R) := W2"(Q) n C().

loc




Theorem (Doyoon Kim, Krylov)

Let p € [n, =), Q be a bounded C'' domain, and L be a uniformly elliptic
operator of non-divergence (ND) form with bounded b;, cy. Then there
exists a constanty = y(n, v, p) such that under Assumption (y): For any
f € LP(Q), there is a unique solution u € W2P(Q) to the equation

Lu=f in<Q,
u=0 onoQ.

=

| A

More general results become available by Doyoon, Krylov, Dong.
Also Byun, Wang for divergence case.
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