
i�&P����æ Å]�ø� 9�ËÁGD9��¥o>ÊÁ

�Ý¶�̧6 x (���z��@/)

Áº1pxÃº�<Æy©�����r

2011�̧� 12�Z4 28{9�

1



§.¥o>¢4́Áþ�ÊÁá~
 –�\�ß~
ÊÁ�]� (pointwise convergence)

��
%K�: ½̈çß� [0, 1]\�"f&ñ
_��)a���5Åq�<ÊÃº\P� {fn}s��<ÊÃº f�Ð&h�Z>�

Ãº§4�
���� f��H���5Åq{9���?
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§.¥o>¢4́Áþ�ÊÁá~
 –�\�ß~
ÊÁ�]� (pointwise convergence)

��
%K�: ½̈çß� [0, 1]\�"f&ñ
_��)a���5Åq�<ÊÃº\P� {fn}s��<ÊÃº f�Ð&h�Z>�

Ãº§4�
���� f��H���5Åq{9���?

I±Õ: ��m¹כ�.
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§.¥o>¢4́Áþ�ÊÁá~
 –�\�ß~
ÊÁ�]� (pointwise convergence)

��
%K�: ½̈çß� [0, 1]\�"f&ñ
_��)a���5Åq�<ÊÃº\P� {fn}s��<ÊÃº f�Ð&h�Z>�

Ãº§4�
���� f��H���5Åq{9���?

I±Õ: ��m¹כ�.

�×e�. ½̈çß� [0, 1]\�"f&ñ
_��)a�<ÊÃº\P�

fn(x) = xn, n = 1, 2, . . .

�Ér �̧¿º���5Åqs�t�ëß�Õª�h�Z>��FGô�Ç�Ér&�_	כ

f = lim
n→∞

fn(x) =







0, 0 ≤ x < 1,

1, x = 1

s�Ù¼�Ð���5Åqs���m���.
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§.¥o>¢4́Áþ�ÊÁá~
 –�§ÒR�ÊÁ�]� (uniform convergence)

��
%K�: ½̈çß� [0, 1]\�"f&ñ
_��)a���5Åq�<ÊÃº\P� {fn}s��<ÊÃº f�Ð�¦ØÔ>�

Ãº§4�
���� f��H���5Åq{9���?
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§.¥o>¢4́Áþ�ÊÁá~
 –�§ÒR�ÊÁ�]� (uniform convergence)

��
%K�: ½̈çß� [0, 1]\�"f&ñ
_��)a���5Åq�<ÊÃº\P� {fn}s��<ÊÃº f�Ð�¦ØÔ>�

Ãº§4�
���� f��H���5Åq{9���?

I±Õ: \V.
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§.¥o>¢4́Áþ�ÊÁá~
 –�§ÒR�ÊÁ�]� (uniform convergence)

��
%K�: ½̈çß� [0, 1]\�"f&ñ
_��)a���5Åq�<ÊÃº\P� {fn}s��<ÊÃº f�Ð�¦ØÔ>�

Ãº§4�
���� f��H���5Åq{9���?

I±Õ: \V.

Ça�h�. R_�ÂÒì�r|9�½+ËX\�"f Y�Ð����H���5Åq�<ÊÃº\P� {fn}s� f�Ð�¦ØÔ>�

Ãº§4�
���� f��H���5Åqs���.
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§.i�&P����æ Áþ�ÊÁá~
 –�§ÒR�ÊÁ�]� (uniform convergence)

��
%K�: ½̈çß� [0, 1]\�"f&ñ
_��)ap�ì�r��0px�<ÊÃº\P� {fn}s��<ÊÃº f�Ð

�¦ØÔ>�Ãº§4�
���� f��Hp�ì�r��0px½+É��?
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§.i�&P����æ Áþ�ÊÁá~
 –�§ÒR�ÊÁ�]� (uniform convergence)

��
%K�: ½̈çß� [0, 1]\�"f&ñ
_��)ap�ì�r��0px�<ÊÃº\P� {fn}s��<ÊÃº f�Ð

�¦ØÔ>�Ãº§4�
���� f��Hp�ì�r��0px½+É��?

I±Õ: ��m¹כ�.
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§.�¿ÑM���
ÊÁUc"�i�&P���·�æ ê�>¥o>¢4́Áþ�ÊÁ

�×e�. p�ì�r��0px�<ÊÃº\P�

fn(x) =
n
∑

k=0

cos(3kx)

2k
, n = 1, 2, . . .

�Ér��6£§�<ÊÃº f�Ð�¦ØÔ>�Ãº§4�ô�Ç��. (∵ Weierstrass M-test)

f =

∞
∑

k=0

cos(3kx)

2k
.

����"f, f��H���5Åqs���.
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§.�¿ÑM���
ÊÁUc"�i�&P���·�æ ê�>¥o>¢4́Áþ�ÊÁ

�×e�. p�ì�r��0px�<ÊÃº\P�

fn(x) =
n
∑

k=0

cos(3kx)

2k
, n = 1, 2, . . .

�Ér��6£§�<ÊÃº f�Ð�¦ØÔ>�Ãº§4�ô�Ç��. (∵ Weierstrass M-test)

f =

∞
∑

k=0

cos(3kx)

2k
.

����"f, f��H���5Åqs���.

Ça�h� (Weierstrass, 1872). �<ÊÃº f =
∑∞

k=0
cos(3kx)

2k ��H �̧��Hz�́Ãº\�"fp�ì�r

��0px
�t�·ú§��.
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§. WeierstrassÁþ�ÊÁ�+Ü«8�è«
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§.Ä©ë5Ñ [0, 1]�+�¿ÑM��\�Uc"�i�&P���·�æ ê�>¥o>¢4́Áþ�ÊÁ

�×e�. z�́Ãº t\�@/
�#� ‖t‖\�¦ t�ÐÂÒ'����©�����î�r&ñ
Ãº��t�_���o���
���.

7£¤,

‖π‖ = π − 3, ‖e‖ = 3− e

s���.

7



§.Ä©ë5Ñ [0, 1]�+�¿ÑM��\�Uc"�i�&P���·�æ ê�>¥o>¢4́Áþ�ÊÁ

�×e�. z�́Ãº t\�@/
�#� ‖t‖\�¦ t�ÐÂÒ'����©�����î�r&ñ
Ãº��t�_���o���
���.

7£¤,

‖π‖ = π − 3, ‖e‖ = 3− e

s���.

7



§.Ä©ë5Ñ [0, 1]�+�¿ÑM��\�Uc"�i�&P���·�æ ê�>¥o>¢4́Áþ�ÊÁ

�×e�. z�́Ãº t\�@/
�#� ‖t‖\�¦ t�ÐÂÒ'����©�����î�r&ñ
Ãº��t�_���o���
���.

7£¤,

‖π‖ = π − 3, ‖e‖ = 3− e

s���.
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§.Ä©ë5Ñ [0, 1]�+�¿ÑM��\�Uc"�i�&P���·�æ ê�>¥o>¢4́Áþ�ÊÁ

�×e�. z�́Ãº t\�@/
�#� ‖t‖\�¦ t�ÐÂÒ'����©�����î�r&ñ
Ãº��t�_���o���
���.

7£¤,

‖π‖ = π − 3, ‖e‖ = 3− e

s���. �����Ãº n\�@/K� ½̈çß� [0, 1]\�"f&ñ
_��)a�<ÊÃº

fn(x) =

n
∑

k=0

‖2kx‖
2k

�Ér���5Åqs��¦,Ä»ô�Ç>h_�&h��̀¦]jü@
��¦ �̧¿ºp�ì�r��0px
���. ¢̧�<ÊÃº\P�

{fn}�Ér�<ÊÃº f(x) =
∑∞

k=0
‖2kx‖
2k �Ð�¦ØÔ>�Ãº§4�ô�Ç��.

7



§.Ä©ë5Ñ [0, 1]�+�¿ÑM��\�Uc"�i�&P���·�æ ê�>¥o>¢4́Áþ�ÊÁ

�×e�. z�́Ãº t\�@/
�#� ‖t‖\�¦ t�ÐÂÒ'����©�����î�r&ñ
Ãº��t�_���o���
���.

7£¤,

‖π‖ = π − 3, ‖e‖ = 3− e

s���. �����Ãº n\�@/K� ½̈çß� [0, 1]\�"f&ñ
_��)a�<ÊÃº

fn(x) =

n
∑

k=0

‖2kx‖
2k

�Ér���5Åqs��¦,Ä»ô�Ç>h_�&h��̀¦]jü@
��¦ �̧¿ºp�ì�r��0px
���. ¢̧�<ÊÃº\P�

{fn}�Ér�<ÊÃº f(x) =
∑∞

k=0
‖2kx‖
2k �Ð�¦ØÔ>�Ãº§4�ô�Ç��.

Ça�h� (Takagi, 1903). �<ÊÃº f(x) =
∑∞

k=0
‖2kx‖
2k ��H ½̈çß� [0, 1]_� �̧��H&h�\�"f

p�ì�r��0px
�t�·ú§�Ér���5Åq�<ÊÃºs���.
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§. TakagiÁþ�ÊÁ�+Ü«8�è«
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§.Ôeµ"�×¥o>�+ ấØ̧

��
%K�: ���5Åq�<ÊÃº��H#QÖ¼&ñ
�̧�� p�ì�rÔ�¦��0px½+É��?
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§.Ôeµ"�×¥o>�+ ấØ̧

��
%K�: ���5Åq�<ÊÃº��H#QÖ¼&ñ
�̧�� p�ì�rÔ�¦��0px½+É��?

I±Õ: ¢-a���y�p�ì�rÔ�¦��0px½+ÉÃº�̧e����. (\V: Weierstrass�<ÊÃº, Takagi�<ÊÃº)
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§.Ôeµ"�×¥o>�+ ấØ̧

��
%K�: ���5Åq�<ÊÃº��H#QÖ¼&ñ
�̧�� p�ì�rÔ�¦��0px½+É��?

I±Õ: ¢-a���y�p�ì�rÔ�¦��0px½+ÉÃº�̧e����. (\V: Weierstrass�<ÊÃº, Takagi�<ÊÃº)

Ôeµ"�×¥o>�+��
%K�: Ô�¦���5Åq�<ÊÃº��H#QÖ¼&ñ
�̧��p�ì�r��0px½+É��?
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§.Ôeµ"�×¥o>�+ ấØ̧

��
%K�: ���5Åq�<ÊÃº��H#QÖ¼&ñ
�̧�� p�ì�rÔ�¦��0px½+É��?

I±Õ: ¢-a���y�p�ì�rÔ�¦��0px½+ÉÃº�̧e����. (\V: Weierstrass�<ÊÃº, Takagi�<ÊÃº)

Ôeµ"�×¥o>�+��
%K�: Ô�¦���5Åq�<ÊÃº��H#QÖ¼&ñ
�̧��p�ì�r��0px½+É��?

Ça�h� (K.). ��6£§�̀¦ëß�7á¤
���H�<ÊÃº∆ : [0, 1] → R���>rF�ô�Ç��:

(a) ½̈çß� [0, 1]_� �̧��HÄ»o�Ãº\�"f∆��HÔ�¦���5Åqs���.

(b) ½̈çß� [0, 1]_���_� �̧��Hz�́Ãº\�"f∆��Hp�ì�r��0px
���.
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§.Ôeµ"�×¥o>�+ ấØ̧

��
%K�: ���5Åq�<ÊÃº��H#QÖ¼&ñ
�̧�� p�ì�rÔ�¦��0px½+É��?

I±Õ: ¢-a���y�p�ì�rÔ�¦��0px½+ÉÃº�̧e����. (\V: Weierstrass�<ÊÃº, Takagi�<ÊÃº)

Ôeµ"�×¥o>�+��
%K�: Ô�¦���5Åq�<ÊÃº��H#QÖ¼&ñ
�̧��p�ì�r��0px½+É��?

Ça�h� (K.). ��6£§�̀¦ëß�7á¤
���H�<ÊÃº∆ : [0, 1] → R���>rF�ô�Ç��:

(a) ½̈çß� [0, 1]_� �̧��HÄ»o�Ãº\�"f∆��HÔ�¦���5Åqs���.

(b) ½̈çß� [0, 1]_���_� �̧��Hz�́Ãº\�"f∆��Hp�ì�r��0px
���. (ØÔ 7�8£¤�̧�'a&h�\�"f)
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§.Ôeµ"�×¥o>�+ ấØ̧

��
%K�: ���5Åq�<ÊÃº��H#QÖ¼&ñ
�̧�� p�ì�rÔ�¦��0px½+É��?

I±Õ: ¢-a���y�p�ì�rÔ�¦��0px½+ÉÃº�̧e����. (\V: Weierstrass�<ÊÃº, Takagi�<ÊÃº)

Ôeµ"�×¥o>�+��
%K�: Ô�¦���5Åq�<ÊÃº��H#QÖ¼&ñ
�̧��p�ì�r��0px½+É��?

Ça�h� (K.). ��6£§�̀¦ëß�7á¤
���H�<ÊÃº∆ : [0, 1] → R���>rF�ô�Ç��:

(a) ½̈çß� [0, 1]_� �̧��HÄ»o�Ãº\�"f∆��HÔ�¦���5Åqs���.

(b) ½̈çß� [0, 1]_���_� �̧��Hz�́Ãº\�"f∆��Hp�ì�r��0px
���. (ØÔ 7�8£¤�̧�'a&h�\�"f)

½ÇÔ�§:��_� �̧��Hz�́Ãº��HÁºo�Ãºs���.
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§.Ôeµ"�×¥o>�+ ấØ̧

��
%K�: ���5Åq�<ÊÃº��H#QÖ¼&ñ
�̧�� p�ì�rÔ�¦��0px½+É��?

I±Õ: ¢-a���y�p�ì�rÔ�¦��0px½+ÉÃº�̧e����. (\V: Weierstrass�<ÊÃº, Takagi�<ÊÃº)

Ôeµ"�×¥o>�+��
%K�: Ô�¦���5Åq�<ÊÃº��H#QÖ¼&ñ
�̧��p�ì�r��0px½+É��?

Ça�h� (K.). ��6£§�̀¦ëß�7á¤
���H�<ÊÃº∆ : [0, 1] → R���>rF�ô�Ç��:

(a) ½̈çß� [0, 1]_� �̧��HÄ»o�Ãº\�"f∆��HÔ�¦���5Åqs���.

(b) ½̈çß� [0, 1]_���_� �̧��Hz�́Ãº\�"f∆��Hp�ì�r��0px
���. (ØÔ 7�8£¤�̧�'a&h�\�"f)

½ÇÔ�§:��_� �̧��Hz�́Ãº��HÁºo�Ãºs���. (∵Ä»o�Ãº|9�½+Ë�Ér!sqÃºe����H|9�½+Ës���)

9



§.Áþ�ÊÁ ∆�+Ça��+

z�́Ãº t\�@/K� ⌊t⌋\�¦ t\�¦�Å�t�·ú§��Hþj@/&ñ
Ãº, ⌈t⌉\�¦ t�Ð�����t�·ú§�Ér

þj�è&ñ
Ãº��
���. 7£¤,

⌊π⌋ = 3 , ⌈π⌉ = 4

s���.
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§.Áþ�ÊÁ ∆�+Ça��+

z�́Ãº t\�@/K� ⌊t⌋\�¦ t\�¦�Å�t�·ú§��Hþj@/&ñ
Ãº, ⌈t⌉\�¦ t�Ð�����t�·ú§�Ér

þj�è&ñ
Ãº��
���. 7£¤,

⌊π⌋ = 3 , ⌈π⌉ = 4

s���.
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§.Áþ�ÊÁ ∆�+Ça��+

z�́Ãº t\�@/K� ⌊t⌋\�¦ t\�¦�Å�t�·ú§��Hþj@/&ñ
Ãº, ⌈t⌉\�¦ t�Ð�����t�·ú§�Ér

þj�è&ñ
Ãº��
���. 7£¤,

⌊π⌋ = 3 , ⌈π⌉ = 4

s���.

10



§.Áþ�ÊÁ ∆�+Ça��+

z�́Ãº t\�@/K� ⌊t⌋\�¦ t\�¦�Å�t�·ú§��Hþj@/&ñ
Ãº, ⌈t⌉\�¦ t�Ð�����t�·ú§�Ér

þj�è&ñ
Ãº��
���. 7£¤,

⌊π⌋ = 3 , ⌈π⌉ = 4

s���.

z�́Ãº α��H 0 ≤ α ≤ 1{9�M:,�����Ãº n ≥ 1\�"f&ñ
_��)a�<ÊÃº uα\�¦

uα(n) = ⌈αn⌉ − ⌈α(n− 1)⌉

��&ñ
_�ô�Ç��.
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§.Áþ�ÊÁ ∆�+Ça��+

z�́Ãº t\�@/K� ⌊t⌋\�¦ t\�¦�Å�t�·ú§��Hþj@/&ñ
Ãº, ⌈t⌉\�¦ t�Ð�����t�·ú§�Ér

þj�è&ñ
Ãº��
���. 7£¤,

⌊π⌋ = 3 , ⌈π⌉ = 4

s���.

z�́Ãº α��H 0 ≤ α ≤ 1{9�M:,�����Ãº n ≥ 1\�"f&ñ
_��)a�<ÊÃº uα\�¦

uα(n) = ⌈αn⌉ − ⌈α(n− 1)⌉

��&ñ
_�ô�Ç��.

0 ≤ α ≤ 1s�Ù¼�Ð uα(n)�Ér 0s����� 1s���.

10



§.Áþ�ÊÁ ∆�+Ça��+

�×�¿Ça�h�. Ãº\P� {an}�Ér 0õ� 1�Ðs�,Xt��¦, 1s�Áºô�Çy� ú́§s�e�������,~½Ó&ñ
d��

∞
∑

k=1

ak

xk
= 1

�Ér ½̈çß� (1,∞)\�"fÄ»{9�ô�ÇK�\�¦°ú���H��.
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§.Áþ�ÊÁ ∆�+Ça��+

�×�¿Ça�h�. Ãº\P� {an}�Ér 0õ� 1�Ðs�,Xt��¦, 1s�Áºô�Çy� ú́§s�e�������,~½Ó&ñ
d��

∞
∑

k=1

ak

xk
= 1

�Ér ½̈çß� (1,∞)\�"fÄ»{9�ô�ÇK�\�¦°ú���H��.

7£x"î
. ½̈çß� (1,∞)\�"f�<ÊÃº f(x) =
∑∞

k=1
ak

xk��H f ′(x) < 0s��¦,

lim
x→1+

f(x) = ∞, lim
x→∞

f(x) = 0

s���.×�æçß�°úכ&ñ
o�\�_�K�ÅÒ#Q���~½Ó&ñ
d���Ér ½̈çß� (1,∞)\�"fÄ»{9�ô�ÇK�

x = β > 1\�¦°ú���H��.
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§.Áþ�ÊÁ ∆�+Ça��+

Ça��+. z�́Ãº 0 < α ≤ 1ü< uα(n) = ⌈αn⌉ − ⌈α(n− 1)⌉\�@/K�,~½Ó&ñ
d��

∞
∑

k=1

uα(k)

xk
= 1

_� ½̈çß� (1,∞)\�"f_�Ä»{9�ô�ÇK� x = β > 1\�¦∆(α) := β��&ñ
_�ô�Ç��.

��
%K�: �=0Aü<°ú s�&ñ
_�÷&��H�<ÊÃº ∆\�¦Òqty��
�>�÷&%3��̀¦��?
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§.Áþ�ÊÁ ∆�+Ça��+

Ça��+. z�́Ãº 0 < α ≤ 1ü< uα(n) = ⌈αn⌉ − ⌈α(n− 1)⌉\�@/K�,~½Ó&ñ
d��

∞
∑

k=1

uα(k)

xk
= 1

_� ½̈çß� (1,∞)\�"f_�Ä»{9�ô�ÇK� x = β > 1\�¦∆(α) := β��&ñ
_�ô�Ç��.

��
%K�: �=0Aü<°ú s�&ñ
_�÷&��H�<ÊÃº ∆\�¦Òqty��
�>�÷&%3��̀¦��?
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§.Áþ�ÊÁ ∆�+¥o>¢4́Å]�

Ça�h� (K.). ·ú¡\�"f&ñ
_��)a�<ÊÃº∆ : [0, 1] → R��H��6£§_�$í
|9��̀¦ëß�7á¤ô�Ç��.

(a) e��_�_�Ä»o�Ãº α ∈ [0, 1]\�@/K��<ÊÃº∆(x)��H&h� x = α\�"f

ýa���5Åqs�t�ëß�ÄºÔ�¦���5Åqs��¦,�<ÊÃº°úכ∆(α)��H@/Ãº&h�Ãºs���.

(b) e��_�_�Áºo�Ãº α ∈ [0, 1]\�@/K��<ÊÃº∆(x)��H&h� x = α\�"f���5Åqs��¦,

�<ÊÃº°úכ∆(α)��H�í�Z4Ãºs���.
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§.Áþ�ÊÁ ∆�+¥o>¢4́Å]�

Ça�h� (K.). ·ú¡\�"f&ñ
_��)a�<ÊÃº∆ : [0, 1] → R��H��6£§_�$í
|9��̀¦ëß�7á¤ô�Ç��.

(a) e��_�_�Ä»o�Ãº α ∈ [0, 1]\�@/K��<ÊÃº∆(x)��H&h� x = α\�"f

ýa���5Åqs�t�ëß�ÄºÔ�¦���5Åqs��¦,�<ÊÃº°úכ∆(α)��H@/Ãº&h�Ãºs���.

(b) e��_�_�Áºo�Ãº α ∈ [0, 1]\�@/K��<ÊÃº∆(x)��H&h� x = α\�"f���5Åqs��¦,

�<ÊÃº°úכ∆(α)��H�í�Z4Ãºs���.

7�ÊÁ�\�ÊÁ: &ñ
Ãº>�Ãº���½Ód��_���Hs�÷&��HÃº. (\V:
√
2, 3

√
3,

√
2011+ 3

√
1228 )

�ï\ÔöÊÁ: @/Ãº&h�Ãº�������Ãº. (\V:
∑∞

n=1
1

10n! , π, e, ln 2, sin 1, 2
√
2 )
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§.Áþ�ÊÁ ∆�+¥o>¢4́Å]�

Ça�h� (K.). ·ú¡\�"f&ñ
_��)a�<ÊÃº∆ : [0, 1] → R��H��6£§_�$í
|9��̀¦ëß�7á¤ô�Ç��.

(a) e��_�_�Ä»o�Ãº α ∈ [0, 1]\�@/K��<ÊÃº∆(x)��H&h� x = α\�"f

ýa���5Åqs�t�ëß�ÄºÔ�¦���5Åqs��¦,�<ÊÃº°úכ∆(α)��H@/Ãº&h�Ãºs���.

(b) e��_�_�Áºo�Ãº α ∈ [0, 1]\�@/K��<ÊÃº∆(x)��H&h� x = α\�"f���5Åqs��¦,

�<ÊÃº°úכ∆(α)��H�í�Z4Ãºs���.

7�ÊÁ�\�ÊÁ: &ñ
Ãº>�Ãº���½Ód��_���Hs�÷&��HÃº. (\V:
√
2, 3

√
3,

√
2011+ 3

√
1228 )

�ï\ÔöÊÁ: @/Ãº&h�Ãº�������Ãº. (\V:
∑∞

n=1
1

10n! , π, e, ln 2, sin 1, 2
√
2 )

Ça�h� (Cantor, 1878). (ØÔ 7�8£¤�̧�'a&h�\�"f)��_� �̧��Hz�́Ãº��H�í�Z4Ãºs���.
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§.Áþ�ÊÁ ∆�+Ü«8�è«

0.2 0.4 0.6 0.8 1

0.5

1

1.5

2
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§.ê�>£� 

“Differentiate!”

“A mystery is the role of differentiation.”

–Shiing-Shen Chern (Ê£i, 1911 ∼ 2004)
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§.Áþ�ÊÁ ∆�+i�&P�

Ça��+. Áºo�Ãº α ∈ R\�@/
�#� θ(α)\�¦��6£§õ�°ú s�&ñ
_�ô�Ç��.

θ(α) := sup

{

λ :

∣

∣

∣

∣

α− p

q

∣

∣

∣

∣

<
1

λq
��Áºô�Çy� ú́§�ÉrÄ»o�ÃºK�

p

q
∈ Q, q > 0\�¦°ú���H��

}
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§.Áþ�ÊÁ ∆�+i�&P�

Ça��+. Áºo�Ãº α ∈ R\�@/
�#� θ(α)\�¦��6£§õ�°ú s�&ñ
_�ô�Ç��.

θ(α) := sup

{

λ :

∣

∣

∣

∣

α− p

q

∣

∣

∣

∣

<
1

λq
��Áºô�Çy� ú́§�ÉrÄ»o�ÃºK�

p

q
∈ Q, q > 0\�¦°ú���H��

}

= sup{λ : lim inf
q→∞

λq‖qα‖ = 0}
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§.Áþ�ÊÁ ∆�+i�&P�

Ça��+. Áºo�Ãº α ∈ R\�@/
�#� θ(α)\�¦��6£§õ�°ú s�&ñ
_�ô�Ç��.

θ(α) := sup

{

λ :

∣

∣

∣

∣

α− p

q

∣

∣

∣

∣

<
1

λq
��Áºô�Çy� ú́§�ÉrÄ»o�ÃºK�

p

q
∈ Q, q > 0\�¦°ú���H��

}

= sup{λ : lim inf
q→∞

λq‖qα‖ = 0}

�×�¿Ça�h�. (ØÔ 7�8£¤�̧�'a&h�\�"f)��_� �̧��Hz�́Ãº α\�@/
�#� θ(α) = 1s���.

16



§.Áþ�ÊÁ ∆�+i�&P�

Ça�h� (K.). α ∈ [0, 1]\�¦Áºo�Ãº��
���.

(a) θ(α) < ∆(α)s����, ∆(x)��H x = α\�"fp�ì�r��0px
��¦∆′(α) = 0s���.

(b) θ(α) > ∆(α)s����, ∆(x)��H x = α\�"fp�ì�r��0px
�t�·ú§��.
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§.Áþ�ÊÁ ∆�+i�&P�

Ça�h� (K.). α ∈ [0, 1]\�¦Áºo�Ãº��
���.

(a) θ(α) < ∆(α)s����, ∆(x)��H x = α\�"fp�ì�r��0px
��¦∆′(α) = 0s���.

(b) θ(α) > ∆(α)s����, ∆(x)��H x = α\�"fp�ì�r��0px
�t�·ú§��.

��_� �̧��Hz�́Ãº α\�@/
�#� θ(α) = 1s��¦,

∆(α)��H&ñ
_�\�_�K��½Ó�©� ∆(α) > 1s�Ù¼�Ð,

��_� �̧��Hz�́Ãº α\�@/
�#� ∆′(α) = 0s���.
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§.Áþ�ÊÁ ∆�+i�&P�

Ça�h� (K.). α ∈ [0, 1]\�¦Áºo�Ãº��
���.

(a) θ(α) < ∆(α)s����, ∆(x)��H x = α\�"fp�ì�r��0px
��¦∆′(α) = 0s���.

(b) θ(α) > ∆(α)s����, ∆(x)��H x = α\�"fp�ì�r��0px
�t�·ú§��.

��_� �̧��Hz�́Ãº α\�@/
�#� θ(α) = 1s��¦,

∆(α)��H&ñ
_�\�_�K��½Ó�©� ∆(α) > 1s�Ù¼�Ð,

��_� �̧��Hz�́Ãº α\�@/
�#� ∆′(α) = 0s���.

��
%K�: ∆(x)��p�ì�r��0px
�t�·ú§�ÉrÁºo�Ãº x = α���>rF�½+É��?
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§.¥o>&P�ÊÁ (Continued Fraction)

Ça��+. �ª�Ãº t > 0_����ì�rÃº���>h��H��6£§õ�°ú s�%3�#Q���Ãº\P� {an}n≥0

s���.#�l�"f an�Ér a0 ≥ 0, an ≥ 1 (n ≥ 1)���&ñ
Ãºs���.
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§.¥o>&P�ÊÁ (Continued Fraction)

Ça��+. �ª�Ãº t > 0_����ì�rÃº���>h��H��6£§õ�°ú s�%3�#Q���Ãº\P� {an}n≥0

s���.#�l�"f an�Ér a0 ≥ 0, an ≥ 1 (n ≥ 1)���&ñ
Ãºs���.

1

t
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§.¥o>&P�ÊÁ (Continued Fraction)

Ça��+. �ª�Ãº t > 0_����ì�rÃº���>h��H��6£§õ�°ú s�%3�#Q���Ãº\P� {an}n≥0

s���.#�l�"f an�Ér a0 ≥ 0, an ≥ 1 (n ≥ 1)���&ñ
Ãºs���.

1

t

a0 = 2
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§.¥o>&P�ÊÁ (Continued Fraction)

Ça��+. �ª�Ãº t > 0_����ì�rÃº���>h��H��6£§õ�°ú s�%3�#Q���Ãº\P� {an}n≥0

s���.#�l�"f an�Ér a0 ≥ 0, an ≥ 1 (n ≥ 1)���&ñ
Ãºs���.

1

t

a0 = 2, a1 = 1
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§.¥o>&P�ÊÁ (Continued Fraction)

Ça��+. �ª�Ãº t > 0_����ì�rÃº���>h��H��6£§õ�°ú s�%3�#Q���Ãº\P� {an}n≥0

s���.#�l�"f an�Ér a0 ≥ 0, an ≥ 1 (n ≥ 1)���&ñ
Ãºs���.

1

t

a0 = 2, a1 = 1, a2 = 3
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§.¥o>&P�ÊÁ (Continued Fraction)

Ça��+. �ª�Ãº t > 0_����ì�rÃº���>h��H��6£§õ�°ú s�%3�#Q���Ãº\P� {an}n≥0

s���.#�l�"f an�Ér a0 ≥ 0, an ≥ 1 (n ≥ 1)���&ñ
Ãºs���.

1

t

a0 = 2, a1 = 1, a2 = 3, a3 = 2, . . .
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§.¥o>&P�ÊÁ (Continued Fraction)

Ça��+. �ª�Ãº t > 0_����ì�rÃº���>h��H��6£§õ�°ú s�%3�#Q���Ãº\P� {an}n≥0

s���.#�l�"f an�Ér a0 ≥ 0, an ≥ 1 (n ≥ 1)���&ñ
Ãºs���.

1

t

a0 = 2, a1 = 1, a2 = 3, a3 = 2, . . .

⇒ 0 < t < 1s���� a0 = 0s���.
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§.¥o>&P�ÊÁ (Continued Fraction)

1

t r1

r2

r3

a0 = 2, a1 = 1, a2 = 3, a3 = 2, . . .
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§.¥o>&P�ÊÁ (Continued Fraction)

1

t r1

r2

r3

a0 = 2, a1 = 1, a2 = 3, a3 = 2, . . .

t = a0 + r1= a0 +
1
1
r1

= a0 +
1

a1 +
r2

r1

= a0 +
1

a1 +
1
r1
r2

(r1 < 1)

= a0 +
1

a1 +
1

a2 +
r3
r2

= a0 +
1

a1 +
1

a2 +
1
r2
r3

= · · · (r3 < r2)

19
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§.¥o>&P�ÊÁ (Continued Fraction)

Ça��+. �ª�Ãº t > 0_����ì�rÃº���>h��H��6£§õ�°ú s�%3�#Q���Ãº\P� {an}n≥0

s���.#�l�"f an�Ér a0 ≥ 0, an ≥ 1 (n ≥ 1)���&ñ
Ãºs���.

1

t

a0 = 2, a1 = 1, a2 = 3, a3 = 2, . . .
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§.¥o>&P�ÊÁ (Continued Fraction)

Ça��+. �ª�Ãº t > 0_����ì�rÃº���>h��H��6£§õ�°ú s�%3�#Q���Ãº\P� {an}n≥0

s���.#�l�"f an�Ér a0 ≥ 0, an ≥ 1 (n ≥ 1)���&ñ
Ãºs���.

s�M:, t = a0 +
1

a1 +
1

a2 + · · ·
=: [a0; a1, a2, . . .]�Ð��H��.
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§.¥o>&P�ÊÁ (Continued Fraction)

Ça��+. �ª�Ãº t > 0_����ì�rÃº���>h��H��6£§õ�°ú s�%3�#Q���Ãº\P� {an}n≥0

s���.#�l�"f an�Ér a0 ≥ 0, an ≥ 1 (n ≥ 1)���&ñ
Ãºs���.

s�M:, t = a0 +
1

a1 +
1

a2 + · · ·
=: [a0; a1, a2, . . .]�Ð��H��.

t > 0_����ì�rÃº���>h {an}n≥0\�@/
�#�,l����ì�rÃº
pn

qn
�̀¦

pn

qn
:= [a0; a1, a2, . . . , an] := a0 +

1

a1 +
1

. . . +
1

an

�Ð&ñ
_�
��¦, t_� n���P:Ãº§4�(convergent)s���ô�Ç��.

20



§.ËÂh�ÊÁ�+¥o>&P�ÊÁ

�×e�. t = p

q
= 17

5 _����ì�rÃº���>h.
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§.ËÂh�ÊÁ�+¥o>&P�ÊÁ

�×e�. t = p

q
= 17

5 _����ì�rÃº���>h.

1

t = p

q
= 17

5

21
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�×e�. t = p

q
= 17

5 _����ì�rÃº���>h.

q = 5

p = 17
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�×e�. t = p

q
= 17

5 _����ì�rÃº���>h.
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p = 17
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§.ËÂh�ÊÁ�+¥o>&P�ÊÁ

�×e�. t = p

q
= 17

5 _����ì�rÃº���>h.

q = 5

p = 17

a0 = 3, a1 = 2, a2 = 2. =åQ! =⇒ ∴
17
5 = [3; 2, 2] = 3 + 1

2+ 1
2

21



§.ËÂh�ÊÁ�+¥o>&P�ÊÁ

�×e�. t = p

q
= 17

5 _����ì�rÃº���>h.

q = 5

p = 17

a0 = 3, a1 = 2, a2 = 2. =åQ! =⇒ ∴
17
5 = [3; 2, 2] = 3 + 1

2+ 1
2

%K�V�:0A_� p

q
_����ì�rÃº���>h {an}n≥0�̀¦ ½̈
���Hõ�&ñ
�Ér

¿º&ñ
Ãº p, q_�þj@//BN���Ãº\�¦ ½̈
���HÄ»9þto�×¼ ñ]jZO�_�õ�&ñ
õ�°ú ��.

21
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���Hõ�&ñ
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§.ËÂh�ÊÁ�+¥o>&P�ÊÁ

¿º&ñ
Ãº��s�_�Ä»9þto�×¼ ñ]jZO��ÉrìøÍ×¼r�Ä»ô�Ç���îß�\�=åQ��Ù¼�Ð��6£§�̀¦

%3���H��.

Ça�h�. z�́Ãº t > 0_����ì�rÃº���>h {an}n≥0s�Ä»ô�ÇÃº\P�{9��9¹כ�Ø�æì�r�̧|	��Ér

t��Ä»o�Ãºs���.
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§.ËÂh�ÊÁ�+¥o>&P�ÊÁ

¿º&ñ
Ãº��s�_�Ä»9þto�×¼ ñ]jZO��ÉrìøÍ×¼r�Ä»ô�Ç���îß�\�=åQ��Ù¼�Ð��6£§�̀¦

%3���H��.

Ça�h�. z�́Ãº t > 0_����ì�rÃº���>h {an}n≥0s�Ä»ô�ÇÃº\P�{9��9¹כ�Ø�æì�r�̧|	��Ér

t��Ä»o�Ãºs���.

Proof. (⇐)Ä»9þto�×¼ ñ]jZO�.

(⇒) 1õ� t��:�x���$í
(commensurability)�̀¦��t�Ù¼�Ð.
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§.ÈÁh�ÊÁ�+¥o>&P�ÊÁ –7�ÊÁ�\�ÊÁ

�×e�. t =
√
5_����ì�rÃº���>h.
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§.ÈÁh�ÊÁ�+¥o>&P�ÊÁ –7�ÊÁ�\�ÊÁ

�×e�. t =
√
5_����ì�rÃº���>h.

√
5 = 2 +

√
5− 2= 2 +

1
1√
5−2

= 2 +
1√
5 + 2

= 2 +
1

4 +
√
5− 2

= 2 +
1

4 + 1
1√
5−2

= 2 +
1

4 + 1√
5+2

= 2 +
1

4 + 1
4+

√
5−2

= 2 +
1

4 + 1
4+ 1

1√
5−2

= · · ·

= [2; 4, 4, 4, . . .]
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√
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1√
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�×e�. t =
√
5_����ì�rÃº���>h.

√
5 = 2 +

√
5− 2 = 2 +

1
1√
5−2

= 2 +
1√
5 + 2

= 2 +
1

4 +
√
5− 2

= 2 +
1

4 + 1
1√
5−2

= 2 +
1

4 + 1√
5+2

= 2 +
1

4 + 1
4+

√
5−2

= 2 +
1

4 + 1
4+ 1

1√
5−2

= · · ·

= [2; 4, 4, 4, . . .]

=⇒ t =
√
5_����ì�rÃº���>h��Hí�H8̈�ô�Ç��.
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�×e�. t_����ì�rÃº���>h�� t = [1; 1, 2, 1, 2, 1, 2, 1, 2, . . .]ü<°ú s�í�H8̈�½+ÉM:,

z�́Ãº t_�°ú̀�כ¦ ½̈
���.
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�×e�. t_����ì�rÃº���>h�� t = [1; 1, 2, 1, 2, 1, 2, 1, 2, . . .]ü<°ú s�í�H8̈�½+ÉM:,

z�́Ãº t_�°ú̀�כ¦ ½̈
���.

t− 1 = [0; 1, 2, 1, 2, 1, 2, 1, 2, . . .] =⇒ 1

t− 1
= [1; 2, 1, 2, 1, 2, 1, 2, 1, . . .]

=⇒ 1

t− 1
− 1 =

2− t

t− 1
= [0; 2, 1, 2, 1, 2, 1, 2, 1, . . .]

=⇒ t− 1

2− t
= [2; 1, 2, 1, 2, 1, 2, 1, 2, . . .].

����"f, t−1
2−t

− 1 = ts��¦ t2 = 3s�÷&#Q t =
√
3s���.
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Ça�h� (Euler, Lagrange). t_����ì�rÃº���>h��í�H8̈�½+É�9¹כ�Ø�æì�r�̧|	��Ér t��

&ñ
Ãº>�Ãº 2	�~½Ó&ñ
d��_���Hs�÷&��HÁºo�Ãºs���.
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&ñ
Ãº>�Ãº 2	�~½Ó&ñ
d��_���Hs�÷&��HÁºo�Ãºs���.

��
%K�: t = 3
√
2_����ì�rÃº���>h�� {an}n≥0{9�M:,Ãº\P� {an}n≥0�ÉrÄ»>�{9���?
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&ñ
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��
%K�: t = 3
√
2_����ì�rÃº���>h�� {an}n≥0{9�M:,Ãº\P� {an}n≥0�ÉrÄ»>�{9���?

I±Õ:�&³F���t�t�½̈�©�\�²ú��̀¦����H��|ÃÐs�\O���.
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Ça�h� (Euler, Lagrange). t_����ì�rÃº���>h��í�H8̈�½+É�9¹כ�Ø�æì�r�̧|	��Ér t��

&ñ
Ãº>�Ãº 2	�~½Ó&ñ
d��_���Hs�÷&��HÁºo�Ãºs���.

��
%K�: t = 3
√
2_����ì�rÃº���>h�� {an}n≥0{9�M:,Ãº\P� {an}n≥0�ÉrÄ»>�{9���?

I±Õ:�&³F���t�t�½̈�©�\�²ú��̀¦����H��|ÃÐs�\O���.

ÍÙ¥�́. &ñ
Ãº>�Ãº 2	�~½Ó&ñ
d��_���Hs������Áºo�Ãº t��@/Ãº&h�Ãºs���� t_�

���ì�rÃº���>h {an}n≥0�ÉrÄ»>�����m���.
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Ça�h� (Euler). ������ÐÕª_�x9� e_����ì�rÃº���>h��H

e = [2; 1, 2, 1, 1, 4, 1, 1, 6, 1, 1, 8, 1, 1, 10, 1, 1, . . .]

s���.

�×e�. "é¶ÅÒÖ�¦ π_����ì�rÃº���>hü< n���P:Ãº§4�
{

pn

qn

}

n≥0
.

π = [3; 7, 15, 1, 292, 1, 1, 1, 2, 1, 3, 1, 14, 2, 1, 1, 2, 2, 2, 2, 1, 84, 2, 1, . . .]

{

pn

qn

}

n≥0

=

{

3,
22

7
,
333

106
,
355

113
,
103993

33102
,
104348

33215
,
208341

66317
, . . .

}
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Ça��+. Áºo�Ãº α ∈ R\�@/
�#� θ(α)\�¦��6£§õ�°ú s�&ñ
_�ô�Ç��.

θ(α) := sup

{

λ :

∣

∣

∣

∣

α− p

q

∣

∣

∣

∣

<
1

λq
��Áºô�Çy� ú́§�ÉrÄ»o�ÃºK�

p

q
∈ Q, q > 0\�¦°ú���H��

}

Ça�h�. α ∈ [0, 1]\�¦Áºo�Ãº��
���.

(a) θ(α) < ∆(α)s����, ∆(x)��H x = α\�"fp�ì�r��0px
��¦∆′(α) = 0s���.

(b) θ(α) > ∆(α)s����, ∆(x)��H x = α\�"fp�ì�r��0px
�t�·ú§��.

�×�¿Ça�h�. (ØÔ 7�8£¤�̧�'a&h�\�"f)��_� �̧��Hz�́Ãº α\�@/
�#� θ(α) = 1s���.
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�×�¿Ça�h�. Áºo�Ãº α ∈ [0, 1]_����ì�rÃº���>h�� α = [a0; a1, a2, . . .]s��¦,
{

pn

qn

}

n≥0
�̀¦ α_� n���P:Ãº§4�s���
����,

θ(α) = elim supn→∞

ln qn+1
qn

s���.
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�×�¿Ça�h�. Áºo�Ãº α ∈ [0, 1]_����ì�rÃº���>h�� α = [a0; a1, a2, . . .]s��¦,
{

pn

qn

}

n≥0
�̀¦ α_� n���P:Ãº§4�s���
����,

θ(α) = elim supn→∞

ln qn+1
qn

s���.

0A_��Ð�̧&ñ
o�ü<���ì�rÃºs��:rÜ¼�ÐÂÒ'� θ(α) > 1s�l�0AK�"f��H α_�

���ì�rÃº���>h {an}n≥0s�À1Ïo�7£x��K���ô�Ç��.

Ãº\P� {an}n≥0s�À1Ïo�7£x��½+ÉÃº2�¤ θ(α)_�°úכs��8&������.

28



§.Áþ�ÊÁ ∆�+i�&P�

Ça�h�. Áºo�Ãº α ∈ [0, 1]��@/Ãº&h�Ãºs����, θ(α) = 1s���.����"f �̧��H

Áºo�Ãºs����"f@/Ãº&h�Ãº��� α ∈ [0, 1]\�"f∆′(α) = 0s���.
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Ça�h�. Áºo�Ãº α ∈ [0, 1]��@/Ãº&h�Ãºs����, θ(α) = 1s���.����"f �̧��H

Áºo�Ãºs����"f@/Ãº&h�Ãº��� α ∈ [0, 1]\�"f∆′(α) = 0s���.

�×e�. α = [0; 101, 102, 103, . . .] =⇒ θ(α) = 1 =⇒ ∆′(α) = 0.
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Ça�h�. Áºo�Ãº α ∈ [0, 1]��@/Ãº&h�Ãºs����, θ(α) = 1s���.����"f �̧��H

Áºo�Ãºs����"f@/Ãº&h�Ãº��� α ∈ [0, 1]\�"f∆′(α) = 0s���.

�×e�. α = [0; 101, 102, 103, . . .] =⇒ θ(α) = 1 =⇒ ∆′(α) = 0.

α = [0; 10!, 20!, 30!, . . .] =⇒ θ(α) = 1 =⇒ ∆′(α) = 0.

10! ≈ 3.6× 106, 100! ≈ 9.3× 10157, 1000! ≈ 4.0× 102567

=⇒ 100!�̀¦&h���HX<Õüw��(digit)�� 158>h�9¹כ�.

=⇒ 1000!�̀¦&h���HX<Õüw���� 2568>h�9¹כ�.
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Ça�h�. Áºo�Ãº α ∈ [0, 1]��@/Ãº&h�Ãºs����, θ(α) = 1s���.����"f �̧��H

Áºo�Ãºs����"f@/Ãº&h�Ãº��� α ∈ [0, 1]\�"f∆′(α) = 0s���.

�×e�. α = [0; 101, 102, 103, . . .] =⇒ θ(α) = 1 =⇒ ∆′(α) = 0.

α = [0; 10!, 20!, 30!, . . .] =⇒ θ(α) = 1 =⇒ ∆′(α) = 0.

10! ≈ 3.6× 106, 100! ≈ 9.3× 10157, 1000! ≈ 4.0× 102567

=⇒ 100!�̀¦&h���HX<Õüw��(digit)�� 158>h�9¹כ�.

=⇒ 1000!�̀¦&h���HX<Õüw���� 2568>h�9¹כ�.

α = [0; 1010!, 1020!, 1030!, . . .] =⇒ θ(α) = 1 =⇒ ∆′(α) = 0.
=⇒ 1010!�̀¦&h���HX<Õüw���� 360ëß�>h�9¹כ�.

=⇒ 10100!�̀¦&h���HX<Õüw���� 9.3× 10157>h�9¹כ�.
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Ãº 1 101 102 103 104 108 1012 1016

"î
g�A {9�(�) z��(�) Ñþ�(�) ��;(�) ëß�({) %3�(ë) �̧(û) �â
(=)
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Ãº 1 101 102 103 104 108 1012 1016

"î
g�A {9�(�) z��(�) Ñþ�(�) ��;(�) ëß�({) %3�(ë) �̧(û) �â
(=)

1020 1024 1028 1032 1036 1040 1044 1048

K�({) ��(�+Õª}9���) �ª�(Ç) ½̈(�) çß�(Â) &ñ
(�) F�(x) �FG(@)
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Ãº 1 101 102 103 104 108 1012 1016

"î
g�A {9�(�) z��(�) Ñþ�(�) ��;(�) ëß�({) %3�(ë) �̧(û) �â
(=)

1020 1024 1028 1032 1036 1040 1044 1048

K�({) ��(�+Õª}9���) �ª�(Ç) ½̈(�) çß�(Â) &ñ
(�) F�(x) �FG(@)

1052 1056 1060 1064 1068

�½Ó
���

(©ðë)
��5pxl�

(¸ä�)
��Ä»��

(ø-K)
Ô�¦����_�

(�Ï�æ)
Áº|¾Ó@/Ãº

(�2×�)

�½Ó
��� ≈�±pt�Û¼y©�_� �̧A�·ú�_�>hÃº.
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Ãº 1 101 102 103 106 109 1012

"î
g�A one ten hundred thousand million billion trillion
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Ãº 1 101 102 103 106 109 1012

"î
g�A one ten hundred thousand million billion trillion

1015 1018 1021 1024 1027 1030 1033 1036

quadrillion quintillion sextillion septillion octillion nonillion decillion undecillion

1039 1042 1045 1048 1051 1054

duodecillion tredecillion quattuordecillion quindecillion sexdecillion septendecillion

1057 1060 1063

octodecillion novemdecillion vigintillion

10100 10303 103003 103000003 1010
100

googol centillion millillion milli-millillion googolplex
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Ãº 1 101 102 103 106 109 1012

"î
g�A one ten hundred thousand million billion trillion

1015 1018 1021 1024 1027 1030 1033 1036

quadrillion quintillion sextillion septillion octillion nonillion decillion undecillion

1039 1042 1045 1048 1051 1054

duodecillion tredecillion quattuordecillion quindecillion sexdecillion septendecillion

1057 1060 1063

octodecillion novemdecillion vigintillion

10100 10303 103003 103000003 1010
100

googol centillion millillion milli-millillion googolplex

googolõ� googolplex��H 1938�̧�p�²DG_�Ãº�<Æ�� Edward Kasner_� 9¶ú���o� �̧
� Milton
Sirotta\�_�K�ëß�[þt#Q��� ú́�s���.

“googolplex��H 0s��-Áº ú́§�����ÄºÅÒ/BNçß�\���&h��̀¦Ãº�̧\O���." – Carl Sagan

10100! ≈ 109.3×10
157

> googolplex.
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�×e�. α = [0; 101, 102, 103, . . .] =⇒ θ(α) = 1 =⇒ ∆′(α) = 0.

α = [0; 10!, 20!, 30!, . . .] =⇒ θ(α) = 1 =⇒ ∆′(α) = 0.

α = [0; 1010!, 1020!, 1030!, . . .] =⇒ θ(α) = 1 =⇒ ∆′(α) = 0.

α = [0; 10, 1010, 1010
10

, 1010
1010

, . . .] =⇒ ?
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, 1010
1010

, . . .] =⇒ θ(α) = 1 =⇒ ∆′(α) = 0.
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�×e�. α = [0; 101, 102, 103, . . .] =⇒ θ(α) = 1 =⇒ ∆′(α) = 0.

α = [0; 10!, 20!, 30!, . . .] =⇒ θ(α) = 1 =⇒ ∆′(α) = 0.

α = [0; 1010!, 1020!, 1030!, . . .] =⇒ θ(α) = 1 =⇒ ∆′(α) = 0.

α = [0; 10, 1010, 1010
10

, 1010
1010

, . . .] =⇒ θ(α) = 1 =⇒ ∆′(α) = 0.

α = [0; 10, 10!, (10!)!, ((10!)!)!, . . .] =⇒ ?

10! = 3628800, (10!)! = 3628800! ≈ 9.052× 1022228103
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�×e�. α = [0; 101, 102, 103, . . .] =⇒ θ(α) = 1 =⇒ ∆′(α) = 0.

α = [0; 10!, 20!, 30!, . . .] =⇒ θ(α) = 1 =⇒ ∆′(α) = 0.

α = [0; 1010!, 1020!, 1030!, . . .] =⇒ θ(α) = 1 =⇒ ∆′(α) = 0.

α = [0; 10, 1010, 1010
10

, 1010
1010

, . . .] =⇒ θ(α) = 1 =⇒ ∆′(α) = 0.

α = [0; 10, 10!, (10!)!, ((10!)!)!, . . .] =⇒ 2.9221 < θ(α) < 7.9433
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�×e�. α = [0; 101, 102, 103, . . .] =⇒ θ(α) = 1 =⇒ ∆′(α) = 0.

α = [0; 10!, 20!, 30!, . . .] =⇒ θ(α) = 1 =⇒ ∆′(α) = 0.

α = [0; 1010!, 1020!, 1030!, . . .] =⇒ θ(α) = 1 =⇒ ∆′(α) = 0.

α = [0; 10, 1010, 1010
10

, 1010
1010

, . . .] =⇒ θ(α) = 1 =⇒ ∆′(α) = 0.

α = [0; 10, 10!, (10!)!, ((10!)!)!, . . .] =⇒ 2.9221 < θ(α) < 7.9433

Ça�h�. x = [0; 10, 10!, (10!)!, ((10!)!)!, . . .]\�"f∆(x)��H���5Åqs�t�ëß�p�ì�r

��0px
�t�·ú§��.

32



§. 10, 10!, (10!)!, ((10!)!)!, . . .�×���HW±Óh�¤� ��
�ÐM�ÊÁá~
?

��
%K�: θ(α) = ∞���z�́Ãº α��H#Qb�G>�Òqt����̀¦��?
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§. 10, 10!, (10!)!, ((10!)!)!, . . .�×���HW±Óh�¤� ��
�ÐM�ÊÁá~
?

��
%K�: θ(α) = ∞���z�́Ãº α��H#Qb�G>�Òqt����̀¦��?

�×e�. α = [0; 1, 22, 33
3

, 44
44

, 55
55

5

, . . .] =⇒ θ(α) = ∞
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?

��
%K�: θ(α) = ∞���z�́Ãº α��H#Qb�G>�Òqt����̀¦��?

�×e�. α = [0; 1, 22, 33
3

, 44
44

, 55
55

5

, . . .] =⇒ θ(α) = ∞

Ça�h�. x = [0; 1, 22, 33
3

, 44
44

, 55
55

5

, . . .]\�"f∆(x)��H���5Åqs�t�ëß�p�ì�r

��0px
�t�·ú§��.
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