7| =X 2t A=Al Ei5Ho
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e f: R — RS, f(t) = (acost, asint, bt)
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[0
H
[0
H

° S = {(x.y) R | ¥ +y? =1}
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H
[0
H

° S = {(x.y) R | ¥ +y? =1}
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[0
H
[0
H

0 AS ={(xy)eR?[X*+y?=1}

o QIZARAFF: [0,1] — R2, f(t) = (cos 27t, sin 27t)
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[0
H
[0
H

0 &S ={(x,y) eR? | x>+ y2 =1}

Abf:]0,1] — R?, f(t) = (cos 2xt,sin 27t)
f(/), flo.1)y= EHAF
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[0
H
[0
H

0 AS ={(xy)eR?[X*+y?=1}

o QIZARAFF: [0,1] — R2, f(t) = (cos 27t, sin 27t)
o S'=1(l), flp1= A

o AW D= {(x,y) e R2|x?+y? <1}
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ER2 | x2+y? =1}

o GIZALALf: [0,1] — R2, f(t) =
flo,1)= THAL
ER2 | x2+y?2 <1}

o S' =),
o AE D={(x,y)

T

(V]

o f: P =

27| 2X| 2t A 2X|0] cHotod

(cos 2xt, sin2xt)

[0,1] x [0,1] — R?, (0, r) =

@

(rcos2mf, rsin2n0)

March 30, 2012 5/30



[0
A=)
[0
i

° A S ={(xy)eR?|x*+y?=1}

o QIZAMAF£: [0,1] — R, f(t) = (cos 27t, sin 27t)
o S'=1(l), flp1)= kAL

o B D= {(x,y) € R?|x? +y? < 1}

T

@

(V]

7| 2N 2t A 2|0 cisho] March 30, 2012 5/30



e %%0281XI:{(X,y’Z)GR:;‘XZ—{-yz:‘I’Oézg‘]}
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@ AEC=8"xI={(x,y,2) eR® | X2 +y?>=1,0<z< 1}

t

o HAALALF: 2 — RS, f(s, 1) = (cos 2rs, sin 2rs, 1)
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@ AEC=8"xI={(x,y,2) eR® | X2 +y?>=1,0<z< 1}

t

o HAALALF: 2 — RS, f(s, 1) = (cos 2rs, sin 2rs, 1)
o C=S"xI=f(P)
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o ZH|RA I M
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o ZH|RA U M

i
[¢] a —_— ‘\\ a

o f:]0,2x] x [-1,1] — RS,
f(u,v) = ((1+ svcos tu)cosu, (1 + Fvcos tu)sinu, ; sin 1u)
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o ZH|RA U M

i
[¢] a —_— ‘\\ a

o 1:[0,27] x [1,1] > R,
f(u,v) = ((1+ svcos tu)cosu, (1 + Fvcos tu)sinu, ; sin 1u)
o f(B) = McC R®
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Klein bottle
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Klein bottle
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Klein bottle

o ZzlelHK

27| 2R 9 A3 2|0l CHo] March 30,2012  9/30



Klein bottle

o 22 YH K
b b —’W

a

e f:]0,27] x [0,27] — R*,
f(u,v) = ((2+ cos v)cos u, (2 + cos v) sin u, sin v cos u, sin v sin u)
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Klein bottle

o 22 YH K

a

e f:]0,27] x [0,27] — R*,
f(u,v) = ((2 + cos v)cos u, (2 + cos v) sin u, sin v cos u, sin vsin u)
° f([O 2n]?) = K c R*
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Klein bottle

o ZzlelHK

a

e f:]0,27] x [0,27] — R*,
f(u,v) = ((2 + cos v)cos u, (2 + cos v) sin u, sin v cos u, sin vsin u)
° f([O 2n]?) = K c R*
(]
[0,27]2

|

[0,27]2/~ f—>R4
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Embedding theorem of manifolds
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Embedding theorem of manifolds

AFAEf: X — Y I} 2 7| AFAH(embedding) o[ 2
o f= EfARl HLARYO0|T
o f1: f(X) — XE ASARY
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Embedding theorem of manifolds

AFAEf: X — Y I} 2 7| AFAH(embedding) o[ 2
o f= EfARl HLARYO0|T
o f1: f(X) — XE ASARY

Me2| (Hassler Whitney, 1936)

0§ 7121 2) n-AH2 CHUA = R (0§ 7181 A]) &S =+ Uk

.

_I
o
o=

—_

=
=
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Embedding theorem of manifolds

AFAEf: X — Y I} 2 7| AFAH(embedding) o[ 2
o f= EfARl HLARYO0|T
o f1: f(X) — XE ASARY
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Embedding theorem of manifolds

AFAEf: X — Y I} 2 7| AFAH(embedding) o[ 2
o f= EfARl HLARYO0|T
o f1: f(X) — XE ASARY
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e At(approximation) 2} Al 5 (realization)
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o

t&= AbAk(simplicial map)

@ simplex
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o

t&= AbAk(simplicial map)

@ simplicial complex

=
o Ct= E 5t (simplicial complex)&t Et=X| S22 22l (&tEl&t?)o[Cf.
(Et, = simplex8| n1Z|&H2 simplex 7} =/0{0F 5HCf.)
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o

t&= AbAk(simplicial map)

@ simplicial complex

Adg )
e7
ZE

o Ct= E 5t (simplicial complex)&t Et=X| S22 22l (&tEl&t?)o[Cf.
(EH, &= simplex2| 11 & eh2 simplex 7| =|0{0F &tCf.)
0 = Lt E5IA| K2F L AfO|2] AFAFf: K — LI} Etz=AFA (simplicial
map)Oo| &t
o f= A=

o f : vertex~vertex, simplex-~simplex

BICHS| (TLTHS 27| 2X| 2t A3 E2X|0] cHokod March 30, 2012 12/30
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L




2| (L. Brouwer)

K, LO| Et2SBIR|2} 51AF. BH2F K7} 2 BIEHS S BH| 081 o1 ALY
frK = LS CHAAMAIO 2 QsH= 012 ZAF A2
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=t

—

=

A

He| (L. Brouwer)

K, LO| B2 S BI|2} 51X BHOF K7 7 512 S BHA| 0/B1 o125
f: K = LS ClaALALO 2 Q5= OHE A} AL

\

2| (J. Alexander, 1926)
K, Lo| Et=5 5fx| 0|2} StAF.

B E A2 AfAHF: K — LOf| CHal £2f homotopicEF EFaAlAF g: K — LO|
ZXH et

v
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=t

—

rd

At

A

e[ (L. Brouwer)
K, LO| Et==gfxl[2f 5FAL. Btef K7t 7 etEt== 8t o]H &
f: K — L2 Bl AL O 2 Ql5t= 812 ZAF A 3= QIC

Me2| (J. Alexander, 1926)
K, Lo| Et=== gfAj| 0| 2f SHXF.
D= ALKAY f: K — Lof| CHaH f2f homotopicgt Et=AFAtg: K — LO|
ZAH B

v
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H>
>
r

f: X = Y7} QatE

gArefol et

7|2

ol

b

Al
=

H|oi| cH3tod
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L
A
1>
el

f: X = Yo SIM4S sA O] 2t
o fi= HEM} 012
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L
A
1>
el

f: X = Yo SIM4S sA O] 2t

o fi= MCIAf 012

— =

o Y » Xz oz
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Al

C} Al

—

A
el

Z
f: X = Y7h SIM4SSARY 0|2
o f= MEM} g%

o f 1Y 5 XE oz

Mo| n-xt2 CF2EA| 2t ZHE o ZEfo]
B={(x1,....X%) €ER" | x2 + .-+ x"< 1} EE=
H={(x1,X,...,xn) €R"| x; 2 0} HEN =S °|O/BtC}.
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A —_—
Ch Al
= of

f: X Y7} IS 80| B
o f= MEMF oi%

o f 1Y 5 XE oz

9
Mo| n-xt2 CF2EA| 2t ZHE o ZEfo]
B={(x1,....X%) €ER" | x2 + .-+ x"< 1} EE=

H={(x%.....x) €R" | x; > 0} SEfQ/S o|O|5ICH.
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= 1,2 3AHd LA = at2tE &0l 7hs5ih

— 43Tl =

| BE 1, 2, 3%F2 CHR MOjl CH510] Bt BHH K2}
SIMS EAFY f: K — MO| ZRHBHC
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= 1,2 3AHd LA = at2tE &0l 7hs5ih

— 43Tl =

| BE 1, 2, 3%F2 CHR MOjl CH510] Bt BHH K2}
SIMS EAFY f: K — MO| ZRHBHC

@ Triangulation of manifolds.
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= 1,2 3AHd LA = at2tE &0l 7hs5ih

— 43Tl =

| BE 1, 2, 3%F2 CHR MOjl CH510] Bt BHH K2}
SIMS EAFY f: K — MO| ZRHBHC

@ Triangulation of manifolds.
@ Simplicial realization of manifolds
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o 2= 1,2 3AtE LI = At2HE &0l 7hSSIEE
° = 2= 1,2 33 LI 2| Moj| L5t0f El== BfA K2F
(o]

SIS SHAIY F: K — Mo| ZRYBIC

@ Triangulation of manifolds.
@ Simplicial realization of manifolds
@ n=2,3:T Rad(1925) = =Ho| EFHE|

7| 28|12t ASE2X|o Ci5iod March 30, 2012



1,2, 352l CIQH = AfzH2 30| S 3iCt.
DE 1, 2, 3RFE CHYF| Mol Ch5H0] ChaSBH K2}
SIMS EAFY f: K — MO| ZRHBHC

@ Triangulation of manifolds.

@ Simplicial realization of manifolds

@ n=2,3:T Rad(1925) = =Ho| EFHE|

0 n=14:4-3t2 CIUR| E2 AZHE SIS 2HX| of=Ch.
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1,2, 352l CIQH = AfzH2 30| S 3iCt.
DE 1, 2, 3RFE CHYF| Mol Ch5H0] ChaSBH K2}
SIMS EAFY f: K — MO| ZRHBHC

@ Triangulation of manifolds.

@ Simplicial realization of manifolds

@ n=2,3:T Rad(1925) = =Ho| EFHE|

0 n=14:4-3t2 CIUR| E2 AZHE SIS 2HX| of=Ch.

@ n =5 :open problem
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Stone-Weierstrass theorem

ook X7} RMALS| compact 2ZH0|H 2= ASARAL f: X — RS
Cietsts p2 Hot= UE ZAFAIE = U
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Stone-Weierstrass theorem

ook X7} RMALS| compact 2ZH0|H 2= ASARAL f: X — RS
Cietsts p2 Hot= UE ZAFAIE = U

@ X =[a, b|2l A<: K. Weierstrass(1885)
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Stone-Weierstrass theorem

otok X7+ RMAS| compact ZZH0|H 2 E AZAMA f: X — R
Ciefels p2 "ot= UE ZAFAIZE 5 UC

@ X =[a, b|2l A<: K. Weierstrass(1885)
@ X7} compact@l A< : M. Stone(1937)
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Stone-Weierstrass theorem

ook X7} RMALO| compact 27103 B E ASARAL f: X — RS
Cietets p2 H5t= 2HE ZAFAIE = AU

@ X =[a,b|2l A<: K. Weierstrass(1885)

@ X7} compact@l A< : M. Stone(1937)

° TaonrSeries:sinx:x—’é—?Jrg—?—)7(—?+~--
¥

3

4
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M c R"0| CH=s=% CLFx| 2t
® M=p~'(0)2! Ct&tBts p: R" — R7} ZAH
e M2 Oj= Lt o]Cf.
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CH A

M ¢ R10] o> ot 2
o M=p~'(0)2 C}5t8ts p: R" — RI} ZAY
o Mg oj cietxfo|c}.

ol

Nash-Tognoli Theorem(1973)
2= =5l o 7121 2(closed smooth) CHFAN| = CH& CHEX| 2F

A\
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CH A

M C R”OI CH=~& CFER 2F
o M= p—1(0)OI Ctetst p: R" — RIf =Xff
o M2 0|& Cf2FA| ot

ol

Nash-Tognoli Theorem(1973)

2 E ob5] o 712 2(closed smooth) CHEX]| = CH& TR 2}
oj ‘='E°40|'1P

— O o

@ Hilbert(1900) 16| £X|. AlCH 2 MOl ZHo| 2| AH| CHEH A7
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CH A

ol

M C R”OI CH=~& CFER 2F
o M= p—1(0)OI Ctetst p: R" — RIf =Xff
o M2 0|& Cf2FA| ot

Nash-Tognoli Theorem(1973)

D E &5l 0 112 2(closed smooth) TR = CH & CHFR| 2}
D|=S&olct

@ Hilbert(1900) 162M| 2. At Mot =HO| 2|&of Ciet A+
@ H. Seifert(1936) CHAAM|0Ofl CHSH CH =% ZZAF A
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CH A

ol

M C R”OI CH=~& CFER 2F
o M=p1(0)Q! C}&tEls: p: R" — RI} ZAH
o M2 0|& Cf2FA| ot

Nash-Tognoli Theorem(1973)
2 E ob5] o 712 2(closed smooth) CHEX]| = CH& TR 2}

@ Hilbert(1900) 16 HM FX|. AcH= S M0 00| 2| &loff CHSE A+
@ H. Seifert(1936) CIFM|Of| CHEF CHA ZAF A7
@ J. Nash(1952) &l cl{= CFEA| 17
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CH A

ol

o

M c R70[ Ci{~& C}OEA| 2t
@ M=p1(0)2! C}&t8t=~ p: R" — RI} =4
e M2 OJ& CfF|o]Ct. )

Nash-Tognoli Theorem(1973)
2 E ob5] o 712 2(closed smooth) CHEX]| = CH& TR 2}

@ Hilbert(1900) 16HM| ZX|. AcHs M0 S04 2| &bolf et AT
@ H. Seifert(1936) CHA|0Ofl CHEH CH=2 ZAF A

@ J. Nash(1952) &l cl{= CFEA| 17

@ A. Tognoli(1973) Nash-Tognoli Hz| 2tM
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o =

ol

@ Mpy(R):nx n3&d &gt

® GLn(R) = {A€ My(R) | det(A) #0} : nx n M= & gt
o Oy(R) = {A€ GLn(R) | A'A = AA = E} - Mlm s T gt

7| 25| 9 AIS 28| 0f| cH5tod

March 30, 2012



@ GLy(R) = {A e My(R) | det(A) # 0} : n x
@ Oh(R) = {Ac GLy(R) | AlA= AAt = E} :

B

G H7l 2 o,

@ 5/~ f: G — HO| group homomorphismO|2t
o f(9192) = f(g1)f(92)
o fley=¢

e o G2l = & (reprentation)0| 2t group homomorphism
p: G— GL,(R)S 9/O]5HCf.

27| 2X| 2t A3 E2X|0] cHokod

March 30, 2012 20/30



| of] cHotoq 2012 21/30



M
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Jr
B>
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id]
e
el
mjo
M
M
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M
EFl
rol

° S CCof S5 Feia B E 2 G- (S', )2l

cosf —sinf
p: G— GLp(R), p(e"?) = <sin9 cost9>
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M

H
ol

o S'ccCol 2az =0

—_

p: G— GLy(R), p(e")
G = p(G) C Ox(R)

A

%(

27| 2N 2k 4

=

cos 6
sing

E2G=(S",)° 5¢

—sind
cos

AlSZH|ofl chatod March 30, 2012
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M C R" : ZCH<=%(semialgebraic) < 3 R CIetat= f, gj s-t.

M = U{x €R"| fi(x) >0, gj(x) =0V j}.

I
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M C R" : ZCH<=%(semialgebraic) < 3 R CIetat= f, gj s-t.

M = U{x €R"| fi(x) >0, gj(x) =0V j}.

I

@ HI|:f,g:R? =R, f(x,y)=y—x%, gx,y)=x—y+2.
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M c R" : =cf{ =X (semialgebraic) < 3 R 8L7H CFatst= fy, gj s.t.

M=J{x e R"| 5(x) >0, g;(x) =0V ).

@ HI:f,g:R? =R, f(x,y) =y —x2, g(x,y)=x—y+2.

I '
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A&l (H. Hironaka, 1975)

Ch5 B7H FCh+5 22 M2 8 HSBHC

=
=, Yolo| =oh+& Zzt Xof thiato] == etk Ko =4
SYARY f: K — XIF EXHBHCE

27| 2X| 2t A3 2X|0] cHokod March 30, 2012 23/30



M &l (H. Hironaka, 1975)
o FLHH ZZt2 FLTEH = AZIE S IS5t
o %, 2/9/9f %EH¢7—‘1 Sk X0l cH5to] Et=SatA KeF &L +5
SSALLf: K — XTF &XHSHCF.
o FLA ZZH2 FENL ABEES A=t
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M, N: ZCl%& 22+
ALALAFf: M — NO| ECHE & B ZIf FCHs~%]
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M, N: ZCl%& 22+
ALALAFf: M — NO| ECHE & B ZIf FCHs~%]

o X ZCjx Apatolct,
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M, N: ZCH=& Z 7t
HALARAf: M — NO| =L X & TJefjmof Foh+X

o Jx= ELHFE Abeo|ct.
o f(x) = yx= 9z0|1
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M, N: xEHA;c.[ —17/_
ALZALL - M — NO| =Ll +H & el oot =Cll+~X

° x/T(E FECHR ALAbO|C}
f(x) =vxe= dx0|1
Gr(f):{(x,y)eRzly:\”&,XEO}
:{(X,y)€R2|XfanO,X§O}
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M, N: xEHA;(.[ —17/_
I ALAFF: M — NO| CHR = o=} ZCH2

° \/)75 =& AbdolEt

f(x) = v/xg 50|10
"GN = () € B |y = vx.x 2 0)
={(x,y) eR? | x—y"=0,x 20}

@ sinx, cos x, tan x, €%, log x= Z=CH =% 0| OfL|C}.

27| 2X| 2t A3 E2X|0] cHokod March 30, 2012



M, N: ECl{=~& 27+
HFLALAf: M — NO| FCH~E o T ZIF FCH~%]

° VX B Aolch
() Jxe elzoln

Gr(f) ={(x,y) eR? | y = V/x,x 2 0}
={(x,y) €eR? [ x —y"=0,x 2 0}

@ sinx, cos x, tan x, &%, log x= Z=CHZ=Z 0| OfL|C}.
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[

i 2

G} Z=cH =% 7 (semialgebraic group)o| 2t
o G= Etf+& Fzto|d =
o F ALY

p: Gx G— G, (g,h)— gh
i:G—G, g—g!

0| BF (912:01) FCH=H AFAOIC

27| 2X| 2t A E2X|0] cHokod
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5 2

[

G} Z=cH =% 7 (semialgebraic group)o| 2t
o G= EHi+X Fzto|a =
o T ARY
p: Gx G— G, (g,h)— gh
i:G— G, g~ g

0| BF (912:01) FCH=H AFAOIC

A\
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[

G} Z=cH =% 7 (semialgebraic group)o| 2t
o G= EHi+X Fzto|a =
o T ARY
p: Gx G— G, (g,h)— gh
i:G— G, g~ g

27| 2X| 2t A3 E2X|0] cHokod

March 30, 2012 25/30









00
Kl

K

<{F
O]
d

Ul
M
°

BE2 EtiZE0| O Cf,

2| &l

~
S|

A
e

o
KH
°




0l
Kl

K

<{F
O]
d

Lie 20|C}.

=
i
BE2 EtiZE0| O Cf,
o

[=§=|
_I__I___ILL

ol ol

M
<+ TH

= |_|ﬁ
4
U F o
of KH
o o

~
S
ol t
-l =
=l

Lie 722




00
Kl

K

{F
KK

W]
KH < 8 ki
of KR

02,> ‘ teR}

{5

t)’teR}, H

0
e

et
0

o{(

26/30

March 30, 2012




00
Kl

K

<{F
O]
d

= o TH
_L_Aﬁ ==
KR < 3
U e o
o KM

o o

‘teR

)

e 0
0 eZt

U

26/30

March 30, 2012




00
Kl

K

<{F
O]
d

= o TH
_L_Aﬁ ==
KR < 3
U e o
o KM

o o

‘teR

)

e 0
0 eZt

U

26/30

March 30, 2012







@ f: M= NIl =X G-AFAO| 2t

o f= G-AY (F, f(gx) = gf(x))
o f= (A%) =L+ Atk
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@ f: M= NIl =X G-AFAO| 2t
o f= G-AY (5, f(gx) = 9f(x))
o f=(AF) BT ALY,
o ELHX G-Z7t0| propergt CIS AFHO| FELH =X © 2 proper
gte o|o|&tct: 0. Gx M — M x M, (g, x) = (gx, X)
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@ f: M= NIl =X G-AFAO| 2t
o f= G-AY (5, f(gx) = 9f(x))
o f=(AF) BT ALY,
o ELHX G-Z7t0| propergt CIS AFHO| FELH =X © 2 proper
gte o|o|&tct: 0. Gx M — M x M, (g, x) = (gx, X)

@ 0ok GJ} compacto| X BE FC{E G-Z 7+ properO| L,
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T E proper ZLH 5 G-ZzH2 FL+3 G-CW S8tH| 7x8 ZH=Ct

He| (XI:H X—l L:|7|7c-l,=!_|)

G7} Mg (linear) [y, 2 = proper =CH==% G-Z 20| CHEH FCH+%
H8 p: G— GLk(R)Z} ZCHE G-I AL M — R¥(p) 7F
ZXH ot
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2 E proper |+ G-&zZh2 =i+ G-CW S 7

ge| (Eti=H E7(ge])

G7F M¥(linear)Y i, 2 = proper =CLH+ZX G-E 70| CHol =CH-Z
8 p: G GL(R)Zf ZCh+E G-Z7IAF - M - RK(p) 7
=Xl StCf.

o =tfH & Go| M o|et MGt XH2i= nof| Bl SHAL(faithful) 2l
=Y =23 p: G— GLa(R)O| ZXEE 2[0].
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2 E proper |+ G-&zZh2 =i+ G-CW S 7

ge| (Eti=H E7(ge])

G7F M¥(linear)Y i, 2 = proper =CLH+ZX G-E 70| CHol =CH-Z
8 p: G GL(R)Zf ZCh+E G-Z7IAF - M - RK(p) 7
=Xl StCf.

o =tfH & Go| M o|et MGt XH2i= nof| Bl SHAL(faithful) 2l
= 23 p: G— GLa(R)O| ZXEE 2[0].
@ n#k
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2 E proper |+ G-&zZh2 =i+ G-CW S 7

de| (BEtd E7(-E])
G7t M8 (linear) [}, 2 = proper ECH+% G-Z 70| CHal FCH+%
E51 p: G — GLy(R) 2} ZCY=E G-Li7| A4} M — RK(p) 7}

ZAy Bt

Eoh=H & GO| Mol 2k M Bt Xted=s nof| ThaH ThAk(faithful) 21

Eti=H =9 p: G- GLy(R)0| EXgts 2|0

@ n#k
@ Slice theorem, § 35, double induction
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2 E proper |+ G-&zZh2 =i+ G-CW S 7

dE| (Bt E7|dzal)

G7F M¥(linear)Y i, 2 = proper =CLH+ZX G-E 70| CHol =CH-Z
E8 p: G— GL(R)Z} FCH=H G-LI|ALAF: M — R¥(p) 7t

=X St

o =LA 2 GO| Mol 2t ™St XFeA nof| CH3H SHA(faithful) QI
==& 58 p: G — GLy(R)0| EXjet2 2|o|.
@ n#k

@ Slice theorem, § &AM, double induction

r

FCH=& 2 GOf| CH5l StAk(faithful) 1 ZCH~% Z& p: G — GLy(R)O|

T /1 L

=X 5H=7t7
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M, No| proper Ztll =& G-&z f: M — N& =01 G-AF40[2f 5fAF.

o DIFGef Mo| 2= HHEO|H f= FLHTX G-AHYLZE Rl=
ot= ZAb A2 2 Q).

o L}{X| B2 f2f homotopicst =CHZX G-AFAbg: M — NOJ|
=X SHCF
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