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o HTHC}

sizdAlof 70| M AME (1693 20

ZoEA EH HXOM A-EYHEAES 7|25 eHA 2
)

o 2 Al(determinant)0|2H= 80{= 1815 Cauchyoi| 2|5
o
(=]

INE=S




siziAlof JHiH0| BX AL (16931 240

ZoEA EH HXOM A-EYHEAES 7|25 eHA 2
)

o 3§24l (determinant)0|2H= 20{= 1815 Cauchy0i| 2|5
2 A2
=] (=2

= (Matrix)0|2t= €0{= 1851 Sylvester0f| 2|5 X 2| =| 04
A= o|lg=.
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Matrix representations for linear operators

b 7—|I-X:X1V1+“'+Xnvv€ VO“ EH3|'03|

n

n m m n
=D 5T E :X.IE :akJWk > : > akix; | Wi




Matrix representations for linear operators

b 7—|I-X:X1V1+“'+Xnvv€ VO“ EH3|'03|

T) =Y 65T(v) =D 5> awe =Y [ D a3 | wi.
j=1 =1 k=1 k=1 \j=1
e 7|X 5 O CHSH0] T(x)2| ZtHEHE =
i1z e din X1
[T)s=| : = | =T K
dml °°* dmn Xn

o [T]5 : T2| E5I382 (the matrix representation for T).




Matrix representations for linear operators

o F MYALYS S: (U,a) = (V,8)= T (V,8) = (W,n) ol
CH3}Hod
[T oSI3 = [TI}ISI-

e TS:=ToS: product of S, T.




Matrix representations for linear operators




Definition (L2(T) 221
e T={z=(x,y)eC:|zP=x>+y?>=1}
= {e =cosf +isinf:0c[0,2n]} : B+2/L.

o]
P e

Bl f: T —C 2

or
Ol

=7

Ik

e

o [%(T): of2{E ol
27 ) do
f i0y|2 .
/0 |f(e'")] > < 00




Definition (L2(T) 221
e T={z=(x,y)eC:|zP=x>+y?>=1}
= {e =cosf +isinf:0c[0,2n]} : Bt/
T — C 9 =2

o LX(T): o2 E

o [(T) ofzhe| L ofl CH5}oq Hilbert Z7t0|Ct,

271 . 76’
<fg>= [ fealeny.
0 21




L?(T) space

F e, () := e = cos(nf) + i sin(nd) O] CHE}HO

s
s

ok

{en:n=0,£1,+2---}

2 [2(T)2| orthonormal basis O|C}.




L?(T) space

[ok

[}
{en:n=0,£1,+2---}
2 [2(T)2| orthonormal basis O|C}.

o 2t Bt f e 12(T)= Ct22| Fourier 24 NI E

f(e?) = i feind.

n=—oo

017|M, f, =< f,e, >2 FE|0l| Az0|Ct.

F e, () := e = cos(nf) + i sin(nd) O] CHE}HO

Zt
=

=Ct.



Multiplication operators

Definition (H2&I24)

O &l SAB= 0f CHEHO] A4 My : 12(T) — L2

& Zf5hAt.

My(f) = ¢f,

&, (Myf)(e?) = p(e)f () O[Ct.

fel?T).




Multiplication operators

Definition (H2&I24)
FO| &l A Bl ¢ofl CHE10] ZEFE4 My, [A(T) — L3(T) 2
A ZV5EXF.

My(f) = of, fel?T).

5, (Msf)(e”) = o(e)f (") ol

o My: R MEE20|CH AbA

My (af + bg) = ¢(af + bg) = aMy(f) + bMy(g)
[IMg|] = [|9]]o




Matrix for multiplication operators

e Ztm,ne Z1} 7|5 ¢2| Fourier =X 7H

¢(ei9) _ Z ¢nein0 _ Z < ¢7 e, > einG
ol EHSHO
< Myen, em > =< gen, em >
27
. . ———df
— i0y ,in6 imp =
| o(e'”)e™e >
2w
: ; do
_ i0\ ,—i(m—n)0 Y
[ otetyem
=< ¢, em—n >

= Pm—n-




Matrix for multiplication operators

o WM My2| B m3Y ned

o2t
ro

< Mq‘)em em >= @m-—n

o|LC}.




Matrix for multiplication operators

ng

o2t
ro

o JEHAM M2 BEo m

< Mq‘)em em >= @m-—n

< quenJrl’ em+1 >= ¢m+17n71 = Pm-n-

o|C}.




Matrix for multiplication operators

o My2| SE2| (m,n) entry2 ¢m_,0|0, I HBESHS
o -1 -2
$1 o P-1 P2
[Mg] = b2 91 do P-1 P2
b2 91 Yo P
P2 1 o




Toeplitz matrix

Definition (Toeplitz
¥O'I£l go”':é'-! [amn] OI —1‘3-5 m, nOi/ EHE,LO# dm,n = dm+1,n+1 %

Ot=stiy 7 S Toeplitz & Z 0|20 SHCf.




Toeplitz matrix

Definition (Toeplitz
¥O'/£l gllg [amn]ol —1‘3—5 m, nOi/ EHE,LO# dm,n = dm+1,n+1 %

ot=stalf 7 2 S Toeplitz 20|20 SHCF

Otto Toeplitz(1881-1940)
(University of Breslau-Gottingen University-University of Kiel)




Toeplitz matrix

e O|AN| 1: St Toeplitz SHEH

1 2 3 45
-1 1 2 3 4
-2 -1 1 2 3




Toeplitz matrix

e OJ|A| 2: one side 5l Toeplitz

e

OOII

da 4d-1 a-2
a1 ao a_1 a-»2

a ai a ad-1

CES



Toeplitz matrix

e OJ|A| 3: one side 5l Toeplitz

e

OOII

ap d—1 4d—2
a1 dp 4d—1

a al 4o

NCE SgAC| WUFHI 1 S



Matrix for multiplication operators

o SXIEA0 HHEL (two side F5t) Toeplitz HE O[T},

do -1 P2
P11 do 91 P2
[Mg] = $2 P11 b0 P11 P2
$2 P1 Po P

¢ P1 Po




Matrix for multiplication operators

O 95 gEeo] Rt

Theorem (Brown-Halmos, 1964)
L2(T)0M A2l ME X4 Tof ff5t0] T = My 0/7| 2|5t

HEExAHE {M}of CHEt T2 82 0| Toeplitz B 0|C}.




Matrix for multiplication operators

— Yo 1oL

L2(T)0lA A2l ME A4 TOf CH5}0{ T = M, 0]7]2/5t
Uesexde {em)of cfat To| 80| Toeplitz #ZO[CF.

=l

e two side infinite Toeplitz & 2 one infinite Toeplitz &
CtR7] g0 AFSEY |0l RHO[7F E SHCf(to someone).

oHE =01, M¢1 M¢2 = M¢1¢2'




Matrix for multiplication operators

o M;2| SHETSIO|M lower right corner0f] ZtA S ZEXL.

b0 O-1 92
b1 Po P-1 P2
My = ¢2 P11 Do P11 P2

¢ o1 Po P-1
$2  P1 Po
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Hardy space




Hardy space

o St f € H? of CH5}0]

=

fn:<f7en>:07 n:_17_2’”‘




Hardy space

o St f € H? Of| Ci5}0d

fn:<f7en>:07 n:_17_2’”‘

e H2 C L(T) closed.




Hardy space

o CHZO| ARAH2 [X(T) Ol H? 22| AL Polct.

oo o
L(T) 5 > fe™ = Y fie € H
n=0

n=—oo




Hardy space

o0 o0
L(T) 5 > fe™ = Y fie € H
n=-—oo n=0
.5,
—1 00 0o




Hardy space

o 2t f(e?) = i fre = i fn <ei‘9)n € H? of| ti5toq
n=0 n=0

F(Z):anzn7 |Z| <1
n=0

= CH| Tl Al 3 A1 &4 (analytic function)O|Ct.




Hardy space

o My2| EO|M lower right corner & CHA| E X}

o -1 92
$1 o P-1 P2
My = $2 P11 Po P-1 Q-2
$2 P11 Po P

¢2  P1 9o




Hardy space

® M¢> | SHEAH|M lower right corner & Td> o| sizgdo|ata StAt.

o= ILEe)

$o P-1 92

1 Qo P-1 P2

¢2 P11 Po  P-1




Hardy space

o M,2| SHZ0f|A{ lower right corner & T, 2| & 0|2}11 StX}.

$o P-1 92
$1 Po Pp-1 P2

¢2 P11 Po P

o 1IN, MAFS P: L?(T) — H? of CH5}od

Ty = PMyP




Toeplitz operators

Definition (Toeplitz ZtZA)
FO{&l ¢ € L=(T)0ll CH510] Toeplitz 224 Ty : H?> — H?* =
Ct2aoF 2to| Hel =t

Tyf = PMy(f) = P(¢f)  f € H?

0f7|M, P: L3(T) — H*>= ZA}&o|Ct.




Toeplitz operators

Definition (Toeplitz ZtZA)
FO{&l ¢ € L=(T)0ll CH510] Toeplitz 224 Ty : H?> — H?* =
Ct2aoF 2to| Hel =t

Tyf = PMy(f) = P(¢f)  f € H?

0f7|M, P: L3(T) — H*>= ZA}&o|Ct.

o Ty R72 MEEgA0|D

Tl = ll¢lloo




Toeplitz operators

o 7|15 p(e) =300 pne™™ € L°(T)of| Ci5}oq

n=—oo

$o P11 P2
1 Qo P-1 P2
¢2 91 o P-1

[Ts] =




Toeplitz operators

JEE!
R '
= | 0 o =175l
¢—2 ¢-1 ¢o ¢1




Toeplitz operators

JEE!
R '
= | 0 o =175l
¢—2 ¢-1 ¢o ¢1
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Toeplitz operators

£ symbols ¢1, ¢2 Ol CHSt0 CFS 0| MHE/SH=717

T4, T4, =0 < ¢1=0 or ¢2=0.




Product problem

Question ( )
Al symbols ¢1, ¢z, g Off CH5}0{ CEE0] &

T¢>1 T¢2 - Tg'
cl2 Z3
B210] 517

Bl5t=7}?

S Z F Toeplitz 2| Z0| K| CIE Toeplitz




Product problem

Question ( )
Al symbols ¢1, ¢, g Off £330 CHS 0| HE/St=217

T¢>1 T¢2 = Tg'
CIHE B&HOZ = Toeplitz 22| Z0| 14| CLE Toeplitz
o] E =717

o Easy: Ty, Ty, = Tyy4, if ¢1 € H? or ¢o € H2 &,

—1 0
= E a,e™ or = E b,e™.
= n=0

n=—oo




Product problem

? A2 RE L2328 =0

Lemma (One direction)

Ot ¢ € H? or ¢ € H? 0|1 g = g1 O] H,

T¢1 T¢2 = T¢1¢2 = Tg

o
0x
I
9
o




Product problem

? A2 RE L2328 =0

Lemma (One direction)

Ot ¢ € H? or ¢ € H? 0|1 g = g1 O] H,

T¢1 T¢2 = T¢1¢2 = Tg

o] Y&

Ol

=3

o 22| A2 HIEItR?




Product problem

o (9) F 7122] #FE[ol S+TINE dZSHAL




Product problem

o (9) 7 7|22l FE|o| SFNINE H2ISHAL
o) o0
ing 0
$r=Y ane™,  dp= > bye”
n=—oo n=—0oo

o [ej] = T = T, To

dp d—-1 4d—2 bo b_1 b_2

al a0 d_1 4d—»2 b1 bo b_1 b_2

a» al ao a_1 . b2 b1 bo b_1




Product problem

20, 2t i,j > 0 ol tH3Hod
oo
o Cj= Z aj—kbk—j,
k=0
o
® Cit1j+1= Z aj11-kbrk—1-j
k=0

o0
=aj11b_j 1+ Z aj+1-kbk—1-j
k=1

o0
=ajy1bj 1+ E aj_kbk—j
k=0

= a,-+1b,j,1 + ¢jj-




Product problem

e Note: [¢jj] = T5: Toeplitz

o2t

H = Cit1j+1 = G-




Product problem

e Note: [cjj] = Tg: Toeplitz HE = ci1,41 = G-

© Ty, Ty, = Tg = ajy1b_j 1 =0foralli,j>0. T2,




Product problem

e Note: [cjj] = Tg: Toeplitz HE = ci1,41 = G-

© Ty, Ty, = Tg = ajy1b_j 1 =0foralli,j>0. T2,

-1 o
(Zsl = Z anelna or ¢2 — Z bnem9.
n=0

n=—0o0




Product problem

e Note: [cjj] = Tg: Toeplitz HE = ci1,41 = G-

© Ty, Ty, = Tg = ajy1b_j 1 =0foralli,j>0. T2,

71 %)
= Z a,,e’”9 or = Z bne’"e.
n=0

n=—oo

¢ Ig= T¢1 T¢2 = T¢1¢2 = Tg—¢1¢z =0 = g = ¢192.




Product problem

Ty Ty, = Ty <= (a) 1 € H? or ¢ € H?,
(b) g = ¢p102.




Product problem

EE35| g=02¢2 27} oM N 7|5t M=Z= 2H0|Cf.
)

\

F symbols ¢1,¢2 EHO;H?# Cr=ol 2| 8El5t=2F7

Ty, Ty, =0.




Zero product problem

e Recall : AB=0 = A=0 or B=0.




Zero product problem

e Recall : AB=0 = A=0 or B=0.

Corollary (M Z2& Hz2|)

L= symbols ¢1,¢2 off CHatof CtS0| M ElsiCt.

Ty, Ty, =0 <= 1€ H? or o € H?, and ¢1¢2 =0
<~ ¢1=0 or ¢2=0

< T4 =0 or Ty, =0.

e There are no zero divisors.




Zero product problem

Question (YEHA N Z& ZX[)

01217§2] symbols é1,- -+ , én Ol LH5F0F CFS 0] HBIGH=F?

T¢1T¢2--~T¢N:0 — one Of(bj:O.




Zero product problem

Question (YEHA N Z& ZX[)

01217§2] symbols é1,- -+ , én Ol LH5F0F CFS 0] HBIGH=F?

T¢1T¢2--~T¢N:0 — one Of(bj:O.

e Brown-Halmos(1964): N = 2.

e Guo(1996): N =5.

e Gu(2000): N = 6.

e Aleman-Vukotic(2009): true for general N.

e Open for the higher dimensional cases.




Zero sum of products

-, gn Ol t3to] 21| Ch= 0] & ElSH=2t

TaTg + ToTg+ -+ Th Tgy =0.




Zero sum of products

-, gn Ol t3to] 21| Ch= 0] & ElSH=2t

TaTg + ToTg+ -+ Th Tgy =0.

sgst g2
e N=2 g =1:product 2A4|.
e N =1 : zero product 2A4|.




Commuting problem

ol i5tof Cf=0] A SElShH=217

o

[Tf, Tg] = Tf Tg — Tg Tf‘ = 07 or Tf Tg = Tg Tf.




Commuting problem

[Tf, Tg] = Tf Tg — Tg Tf‘ = 07 or Tf Tg = Tg Tf.

O{ZH X[220}2 : They are commuting if

o f,g€EH? (T Tg=Teg=TgTs)

e fLEEH? (T: Tz =Tz T7 = T =TT = TeTg = TgTy).
o f=ag+ 0.




Commuting problem

[Tf, Tg] = Tf Tg — Tg Tf‘ = 07 or Tf Tg = Tg Tf.

O{ZH X[220}2 : They are commuting if

o f,g€EH? (T Tg=Teg=TgTs)

e fLEEH? (T: Tz =Tz T7 = T =TT = TeTg = TgTy).
o f=ag+ 0.

o 7|2 A2 JESHHR?




Commuting problem




Commuting problem

o F 7|29 7elo STIHE HZSHAL

d d-1 ad-2 bo b_1 b_2

dl a0 a_1 4ad-»2 bl bo b_1 b_2
ol T, =

a a a a-1 - by by bp b_y




Commuting problem

a_o
ap 4d-1
b_»

bo b_1

b al ao a_1 a-»2
by by b1 b
ol Tr=

b b b b_ a a a_i
a
- . 2 1 0
0 1
2 1




Product problem

o WEIERAH TeTy = T, Tr O 2|5t04, 2t /,j > 0 0f E{S5}0q
o0 o0
Z aj_kbk—j = Z bi_xak—;
k=0 k=0
o (o.]
Z aj11-kbk—j-1= Z bit1-kak—j-1
k=0 k=0

oo (o)
ajy1b_j 1+ Z aj_kbk—j = biy1a_j 1+ Z bi—kak—j
k=0 k=0

a,'+1b__j—1 - bi—i—la—j—la Iv./ > 0.




Commuting problem

SlolM 2 715l ZLE TR CISS ReCt

Theorem (Brown-Halmos(64), Axler-Cuckovic(91))

= 7|5 f,g off CHstoq




Zero sum product problem

Theorem (Lee, 08)

7/_5_% f17...’fN' g1, -

,gn O CH5tod




Zero sum product problem

Z=4 (b)ol| 2t5tof Ehs2| EHM el ZHE W26l 2 U

Cro| RITOIA] HAIE{ Ol BlE g, by Off CH510] CHS 2l Bt}




Zero sum product problem
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gih1 + gho




Zero sum product problem

EF9! BT S22l BE g, by Off CH5FO]

lgj — &i(0)][h; — h;(0)] = 0.

N
=1

J




RITNELY)

-

=32t (Hardy space, (harmonic) Bergman space, Dirichlet

space)0f| A 0{2] &2 A (Toeplitz operator, Hankel operator) A4 2.

e 0| ZI2AE0| Tt 5= Z2A|(boundedness, compactness,

product problem, finite rank problem &) i Zt.

o) o

o 2X| S ZES 25K & 4= (real-complex function theory)2| 024
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